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Tran Nam Diing — V6 Quéc Ba Cén — Lé Viét An — Nguyén Van Quy

1. D@ thi

Bai 1 (4.0 diém).
a) Chocédcsbthuca, b, cthdamina +b +c #0va(a+b)(b+c)(c+a) = 1.
Chiing minh rang
a & b _ 1+abc+abla+b+c)
a2(a+b+c)+14+abc b2(a+b+c)+1+abc (a+b +c)?

b) Giai hé phuong trinh

X2+ 4y* 4 4xy +2x%y? = 11,
3xy(x +2y) +31 =9x + 18y + 13xy.

Bai 2 (2.0 diém).
a) Tim tét ca cic cdp s6 nguyén duong (x, y) thda min
3429 =2
b) Xét céc sb thyc duong a, b, ¢ thay d6i théa man 2(a + b + ¢) + ab + bc +ca = 9.
Tim gid tri 16n nhét ctia biéu thic

a4+l b+1 e+ 1
T a24+10a+21 ' b2+10b+21 2+ 10c +21°

P

Bai 3 (3.0 dié?n). Cho hinh thoi ABCD (£/BAD < 90°) c¢6 dudng tron ndi tiép (0). Cic
diém M, N 1an lugt thudc cac canh CB, CD sao cho M N tiép xiic véi dudng tron (O) tai
diém P, va tam gidac CM N nhon, khong can. Pudng thing M N 1an lugt cit cic dudng thing
AB, AD tai cic diém E va F. Goi K, L theo thi tu 12 truc tim cic tam gidc BME, DNF.

a) Chiing minh ring dudng thing OP di qua trung diém / ctia doan thing K L.

b) Goi H la tryc tim ctia tam gidgc C M N. Chitng minh ring % - % = —%.

c) Goi S, T theo thit tu 1 giao diém ciia dudng thang BD véi cic dudng thing EK, FL.
Goi Q la giao diém cla hai dudng thing NS va M T. Pudng tron noi tiép tam gidc
CM N tiép xiic véi dudng thing M N tai diém G. Chiing minh ring hai dudng thang P Q
va GH song song v§i nhau.
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2 Loi gidi dé todn chuyén 16p 10/2021 — THPT chuyén KHTN
X 2 <A 2 an 1 az . @021 _
Bai 4 (1.0 diém). Cho cic s thucay, aa, . . ., @z thda man a2 + Tl +--t v 0.

Chiing minh ring tdn tai s6 nguyén k véi 1 < k < 2021 sao cho
aj 2a, kay 2k +1
feerentfs < :

+ .
l+a2 1+ad3 l+a|~ 8

2. Loi giai va binh luan cac bai toan

Bai 1 (4.0 diém).

a) Cho cdc sb thuc a, b, c thdamiana +b +c¢ # 0va (a +b)(b +¢)(c +a) = 1.
Chiing minh ring

a & b _ l+abc+ab(a+b+c)
a’(a+b+c)+1+abc ' b2(a+b+c)+1+abc (a+b+c)?

b) Giai hé phuong trinh

x2+4y* +4xy +2x%y? =11,
3xy(x +2y) + 31 = 9x + 18y + 13xy.

Loi gidi. a) Goi A 1a vé trdi clia ding thiic can chitng minh. Tir gia thiét, ta c6
a _ a
a?a+b+c)+1+abc al@+b)a+c)+1
a

a(a+b)a+c)+@+b)b+c)c+a)
a

(@+b+c)a+b)a+c)
Chitng minh tuong ty, ta ciing ¢6
b B b
ba+b+c)+1+abc™ (@a+b+c)b+c)b+a)

Do d6
A= - o .
(a+b+c)a+b)a+ce) (@+b+c)b+c)b+a)
ab+c)+blc+a) _2ab+bc +ca

T a+b+o)a+b)b+c)c+a)  a+b+c
Mit khac, ta lai c6
l+abc+abla+b+c) (a+b)b+c)c+a)+abe+abla+b+c)
(a+b+c)? N (a+b+c)?
_(a+b+c)(ab+bc+ca)+abla+b+c)
B (@+b+c)?
_2ab +bc +ca
T a+4b+c
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Loi gidi dé todn chuyén I6p 10/2021 — THPT chuyén KHTN 3

Tit hai két qua trén, ta d& dang suy ra két qua can chiing minh.
b) Bita = x + 2y vab = xy, khi d6 tit hé phuong trinh da cho, ta ¢
a® +2p? =11,
3ab + 31 = 9a + 13b.
Tu d6 suy ra
a® +2b% + 3ab + 20 = 9a + 13b,

hay
(a+b)(a+2b)+20=5(a+b)+4(a + 2b).

Mot céach tuong duong, ta ¢
(a+b—4)(a+2b-5)=0.
Suyraa + b = 4hoica + 2b = 5.

o Trudng hap 1: a + b = 4. Thay a = 4 — b vao phuong trinh a? + 2b% = 11, ta dugc
(4—b)*+2b> =11, hay (b — 1)(3b —5) = 0. Suyrab = 1 hofic b = 3.
o V6ib =1,tacéa =3.Suyrax + 2y = 3 vaxy = 1. Giai hé nay, ta d€ dang tim
dugc (x, y) = (2, 1) hodc (x, y) = (1, 1). Thit lai, ta thiy théa man.
o Véib=3tacoa =] Suyrax+2y =1vaxy =3 Trd, tatinh dugc
(x —2y)? = (x +2y)> — 8xy = —2 < 0, mu thuan.

e Trudng hop 2: a +2b = 5. Thay a = 5 — 2b vao phuong trinh a? + 2b% = 11, ta
dugc (5 —2b)* + 2b% = 11, hay 2(b — 1)(3b —7) = 0. Suyrab = 1 hojc b = 1.
o Véib = 1,tacéa = 3. Tuong ty nhu trudng hop 1, ta im dugde (x, y) = (2, 1)
hodc (x, y) = (1, 1).
oV6ib=1tacoa =1 Suyrax+2y =1vaxy =1 Tido, tatinh duge
(x —2y)? = (x + 2y)* — 8xy = —1& < 0, méau thuén.

Vay hé phuong trinh da cho ¢6 hai nghiém (x, y)1a (2, 3) va (1, 1). a

Bai 2 (2.0 diém).
a) Tim tat ca céc cdp sb nguyén duong (x, y) thda man
3 429=2.
b) Xét cdc sb thyc duong a, b, ¢ thay ddi théa man 2(a + b + ¢) + ab + bc + ca = 9.
Tim gid tri 16n nhit ctia biéu thiic

_ a+1 b+1 c+1
T a24+10a+21 ' 24106 +21 2+ 10c +21°

P
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4 Loi gidi dé todn chuyén 1dp 10/2021 — THPT chuyén KHTN

Lai giai. a) Cach 1. Véix = 1,tacdé y = 5. Xét x > 2, tit phuong trinh da cho, ta c6
2Y =29 =2 (mod 9). T d6, ta dé dang ching minh dugc y chia 6 du 1, tiic y = 6k + 1 véi
k ty nhién. Khi d6, tir phuong trinh da cho, ta ¢

3F=2%+1_29=2-29=1 (mod 7).

Tir day, ta chiing minh dugc x chia hét cho 6, tifc x = 6£ v6i £ nguyén duong. Lic nay, tit
phuong trinh da cho, ta c6

2V =29+3% =2 (mod 4).

Suy ra y = 1. Thii lai, ta thiy khong thda mén. Vay c6 duy nhit mot cip s6 nguyén duong
(x, y) thda min yéu ciu la (1, 5).

Céch 2. RO rang y > 5. Phuong trinh da cho tuong duong véi
3 —-3=2"-32,

hay
33 = 1) =322 - 1). 1)

Tir (1), ta suy ra 3*~! = 1 (mod 32). Tir d6, ta d& dang chiing minh dugc x — 1 chia hét
cho 8, tiic x — 1 = 8a vdi a tu nhién. Lic nay 3~ — 1 = 3% — 1 chia hét cho 3% — 1
12 mot bdi ctia 5 va 41 nén tir (1), tasuy ra2*~> = 1 (mod 5) vd 2°™> =1 (mod 41). Tu
2¥=5 =1 (mod 5), ta chitng minh dugc y — 5 chia hét cho 4, tic y —5 = 4b véi b tu nhién.
T 2*=> =1 (mod 41), ta dugc 2*» = 1 (mod 41) va do d6, ta d& dang chiing minh dudgc b
chia hét cho 5, tiic b = 5¢ v6i ¢ tu nhién. Tir day, ta ¢6 2*~> — 1 = 22 — 1 chia hét cho
220 — 1 1a mot bdi ctia 31. Két hop véi (1), tasuy ra 3! = 1 (mod 31). Tir d6, ta dé dang
chitng minh dugc x — 1 chia hét cho 15, suy ra a chia hét cho 15, tiic a = 15d véi d tu
nhién. Phuong trinh (1) ¢ thé dudgc viét lai thanh

3312 _ 1) = 32(2%% — 1). )

Vi 31204 _ 1 chia hét cho 3% — 1 1a mdt boi ciia 7 nén tir (2), ta suy ra 22 = 1 (mod 7), tiic
22¢ =1 (mod 7). Tit ddy, ta chiing minh dugc ¢ chia hét cho 3. Suy ra 22% — 1 chia hét cho
26 — 1 1a mot boi ctia 9. Két hop véi (2), ta suy ra 3'2%¢ — 1 chia hét cho 3, titc d = 0. Suy
rax = 1vdy = 5. Viy c¢6 duy nhit mét cip sb nguyén duong (x, y) théa man yéu cau dé
baila (1, 5).

b) Cach 1. Gia thiét clia bai toan c6 thé dugc viét lai thanh
@+DO+D+G+D+1)+c+D@a+1)=12.

Paitx =a+1,y=b+1vaz=c+ 1thitacoxy + yz + zx = 12. VGi phép dit nay thi

a—+1 _ a—+1 _ X
a?+10a+21 (@+1D2+8a@+1)+12 x2+8x+12
X X

=x2+8x+xy+yz+zx - (x+y)(x+2)+8x’
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Loi gidi dé todn chuyén I6p 10/2021 — THPT chuyén KHTN 5

Vi

1 1 1 1] s
GG = 7 [(x+y)(x+z) + ﬁ] nen

a+1 <1 X +1
a?+10a+21 ~ 4| (x+y)x+2z) 8]

Hoan toan tuong tu, ta ciing cd

ber __1f__y 1
b2+ 10b+21 —4|(y+2)(y+x) 8

v c+1 1 Z 1
< - efbos| |
2+ 10c +21 — 4[(z+x)(z+y) 8]
Do d6
P<1[ al + 4 + - +§]
T4l x+y)x+z2) +2)0+x) (E+x)(z+y) 8
_l[ 2(xy + yz + zx) E]_l[ 24 +§:|
T4+ +2)z+x) 8] 4|+ +2)(z+x) 8]

By gi0, ta c6 chi y ring
1
(x+y+22-3(xy+yz+2x)= 5[(x—y)2+(y—z)2+(z—x)2] >0,

doddox +y+z=>./3(xy+ yz+zx) = 6.Ngoaira, ta ciing ¢

12 = xy 4+ yz + zx > 33/x2y222
nén xyz < 8. Ti cdc két qua trén, ta suy ra

x+y)VO0+2)C+x)=x+y+2)xy+yz+zx)—xyz>6-12—8 = 64.

1 (24 3\ 3
P<-(=+2)==
4\6478) 16

Diu déng thiic xdy rakhi vachikhia = b = ¢ = 1. Vly max P = 3.

Va nhu thé, ta ¢

Cach 2. Bién ddi tuong ty nhu cach 1, nhung lic nay ta gt x = 5L, y = & vaz = <1
Khi d6,tacé xy + yz +zx =3 va

a—+1 _ X _ x - % _ X
a2 +10a +21  2x2+8x+6 2(x2+1)+8x+4 " 4x+8x+4 4(Bx+1)

Tuong tu, ta ciing cé

b+1 - y c+1 - z
b24+10h4+21 — 4By +1)" ¢2+10c+21 ~— 4Bz + 1)’
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6 Lui gidi dé todn chuyén 1dp 10/2021 — THPT chuyén KHTN

Do dé

1 5% y z
P~ . 1
_4(3x+1+3y+1+32+1) M

By gi0, ta sé ching minh ring

X 2. y 4 z
3x+1 3y+1 3z+41

3
= P 2

Biing bién déi truc tiép, ta thy bat ding thic nay tuong duong véi
5x+y+2z)+3(xy+yz+:zx)+3=27xyz,

hay
5x+y+2)+12 > 27xyz.

Tuong tu nhu cach 1, ta ching minh duge x + y +z > /3(xy +yz+zx) = 3 va
3 =xy+ yz+zx > 33/x2y2z2 (suy ra xyz < 1) nén bét dang thifc trén hién nhién ding.
Bay gid, i (1) va (2), tadé dang suy ra P < 1% v6i ddu déng thic xay rakhia = b = ¢ = 1.

Vado dé max P = 3. ]

Bai 3 (3.0 a'ié;n). Cho hinh thoi ABCD (/BAD < 90°) c6 dudng tron ndi tiép (0).
Cic di€ém M, N lan lugt thudc cdc canh CB, CD sao cho M N tiép xic v6i dudng tron
(0) tai diém P, va tam gidc CM N nhon, khong cin. Pudng thing M N 1an lugt cit cic
dudng thing AB, AD tai cic diém E va F. Goi K, L theo thi tif 1a truc tm céc tam
gidc BME, DNF.

a) Ching minh ring dudng thing OP di qua trung diém / ciia doan thing K L.

b) Goi H Ia tryc tim ctia tam gidc C M N. Chiing minh ring % - % = —%.

c) Goi S, T theo thi tuf la giao diém ciia dudng thing BD véi cic dudng thing EK,
FL. Goi Q 1a giao diém ctia hai dudng thang NS va M T. Pudng tron noi tiép tam
giagc CMN tiép xiic v6i dudng thang M N tai diém G. Ching minh ring hai dudng
thing PQ va GH song song véi nhau.

L&i giai. a) Theo tinh chét clia tiép tuyén, tacé OP L MN. Ngoai ra, theo tinh chét ctia tryc
tam, ta ciing ¢c6 BK L EM vaCL L FN.Dod6 OP || BK || CL.

Vi (0) 1a duong tron noi tiép ctia hinh thoi ABCD nén O 1a tim ca hinh thoi va do d6 O
1a trung diém ctia BD. Theo tinh chit lién quan dén dudng trung binh ctia hinh thang, ta cé
dudng thing OP di qua trung diém ctia doan thing K'L.

b) Ta c6 OI 1a dudng trung binh ctia hinh thang BDLK nén

_BK+DL

o1
2
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Loi gidi dé todn chuyén ldp 10/2021 — THPT chuyén KHTN 7

Chiyring CH L MN nén BK || CH || DL.Ngoai ra, ta ciing c6 BE || CN va DF | CM.
Tu day, stit dung dinh ly Thales, ta c6

Ol BK+DL 1 (BK DL\ 1 (MB ND
CH ™ 20H —5'(c—H+c—H)-§'(M—c+W)
1 (ME NF\ _ 1 ME+NF 1 EF-MN 1 EF 1
_5'(W+W)‘§’ MN 2 MN 2 MN 2

ol EF _ _
Suyraﬁ—ﬁ— .

-

(&)

c) Goi J 1a tam dudng tron noi tiép tam gidc CMN; va goi R 1a truc tam tam gidc AEF thi
tt EK L BM va BC | AD,tasuyra ES L AF. Do d6 dudng thing EK di qua diém R.
Tuong tu, ta ciing c¢6 dudng thing F T di qua R.

Chii y ring hai tam gidc AFE va CMN dong dang v6i nhau, ma (0), R, P la dudng
tron ndi tiép, truc tdm va tiép diém ctia (0) véi canh EF cia tam gidc AFE, con (J),
H, G la dudng tron ndi tiép, truc tam va tiép diém cia (J) v6i canh M N cilia tam gidc
CMN nén dé dang suy ra dugc hai tam gidc RPE va HGN ddng dang v6i nhau. Tir d6
ZRPE = /ZHGN.Suyra RP | HG.

Béy gid, ta sé chiing minh diém Q nim trén dudng thing RP. Thit vy, tit (J), (O) theo
thit tu 12 dudng tron ndi tiép va bing tiép ddi dién dinh C cla tam gidc CM N, ta suy ra
MG = MEEMN-CN — NP va MP = NG. Két hop vdi su dong dang ciia hai tam gidc AFE
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8 Lai gidi dé todn chuyén l6p 10/2021 — THPT chuyén KHTN

va CMN, tacé £ = GM — PE Ap dung tinh chit day ti s6 bing nhau, ta dugc
PN _PF _PF—PN _ NF i
PM ~ PE PE—-PM EM’

Mat khéc, tacé ZDFT = ZBES va ZTDF = 180° — ZADB = 180° — LABD = /SBE
nén hai tam giac DTF va BFE ddng dang véi nhau. Suy ra
DT FD TF
== ®
BS BE SE
Qua diém R, k& dudng thing song song vdi duding thing EF cit cic dudng thing M T, NS thi
t tai cic diém X, Y. Dé thiy ZRTS = /DTF = /BSE = /RST nén tam gidc STR céan
tai dinh R. Suy ra RT = RS. Tir d6, dp dung dinh Iy Thales, ta c6 2% = IR yj RY _ SR

wrF = 7 VA ¥F = S5
2 MF TF NE SE
Suyra BX . NE — IR . SE — SE — BE (4o (2)). Tit déy, ta dugc

RY NE DF 3
RX ~ MF BE’
Lai 4p dung dinh ly Thales véi chi y AB = AD, tacé
NF NF MF NE DF BA NE _DF NE @

Tit (1), (3) va (4), ta suy ra 2% = &Y. Do d6, theo bd dé hinh thang, ta c6 ba dudng thing
MX, NY va PR dong quy, hay diém Q thudc dudng thing RP. Vay HG || PQ. O

foob 2L =0
I+a3gy,

Bai 4 (1.0 diém). Cho cic sb thuc aj, az, . . . , 2021 théa man gty
1 2

Chitng minh riing ton tai sb nguyén k v6i 1 < k < 2021 sao cho

a & 2a; & kay <2k-}—|

1+a?  1+a? 1+ai|~ 8 °
L&i gidi. V6i mbi | < i < 2021, dit x; = 5. Khi d6, tacé —; < x; < 3 v6i moi
i=1,2,...,2021 va x| + x5 + - -+ + x2021 = O (theo gié thiét). Ta cin chitng minh ton tai

s6 nguyén k véi 1 < k < 2021 sao cho

2k +1

[x1 +2x2 4+ -+ + kxi| <

Gi4 sit ngugc lai, khong ton tai s k néi trén. Khi d6, vdi moi 1 <i < 2021, tacé

2i+1
X1 +2x2 + -+ +ixi| > T (1)

Dit y; = x| +2x3 +--- 4+ ix; v6i 1 <i < 2021. Khong mit tinh tdng quat, gia sit y22 > 0
(néu yap1 < 0, tacé thé thay ay, as, ..., axn bdi—ay, —ay, ..., —asy;, bai toan van khong
d3i). Khi d6, tit (1), ta e yar > 2221 Néu yyg0 < 0, thi ta cé

2-2021 +1 2-2020+ 1 2021
[2021x2021] = |y2021 = Y2020] = Y2021 + |y2020] > 3 - = e

Loi gidi dé todn chuyén 1dp 10/2021 — THPT chuyén KHTN 9

Suy ra |xz001| > % mau thuin. Do d6 y05 > 0. Hoan toan tuong tu, ta c6 thé chitng minh
dugc ya019 > 0, Y2018 >0, ..., y1 > 0. Bﬁy gib, ta ¢6 chu y r%'mg

2=y  Yyi—»N Y2021 — Y2020
0= Y, e = ces
Xy +x2+ -+ X021 = Y1+ ) + 3 + e 2031
1 1 1 1
= —— — cese — smm— 0.
12t T 2372 000 202170 t g Y202 >

Mau thuén nhan dugc ching to ring phai ton tai s6 nguyén k théa man yéu cau dé bai. Ta cé
diéu phéi ching minh. m]
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HOC24y -

Virng vang nén tdang, Khai sang twong lai
Website HOC247 cung cap mot méi trudng hoc truc tuyén sinh dong, nhiéu tién ich thdng minh, noi
dung bai giang duoc bién soan cong phu va giang day béi nhitng gi4o vién nhiéu nim kinh nghiém, gioi
vé kién thirc chuy@n mon 13n ki niang su pham dén tir cac truong Dai hoc va cac trudng chuyén danh
tiéng.
I.Luyén Thi Online

Hoc moi Iiic, moi no’i, moi thiét bi - Tiét kiém 90%

-Luyén thi DH, THPT QG: Déi ngii GV Gidi, Kinh nghiém tir cac Truong PH va THPT danh tiéng xay
dung céc khoa luyén thi THPTQG céc mén: Toan, Ngir Vin, Tiéng Anh, Vat Ly, Héa Hoc va Sinh Hoc.
-Luyén thi vao I6p 10 chuyén Toéan: On thi HSG 16p 9 va luyén thi vao 16p 10 chuyén Toan céc truong
PTNK, Chuyén HCM (LHP-TBN-NTH-GD), Chuyén Phan Boi Chau Nghé An va cac truong Chuyén
khéc cing TS.Tran Nam Diing, TS. Pham S§ Nam, TS. Trinh Thanh Béo va Thay Nguyén Duc Tan.

I1.Kho& Hoc Nang Cao va HSG

Hoc Todn Online cung Chuyén Gia

-Toan Nang Cao THCS: Cung cap chuong trinh Toan Nang Cao, Toan Chuyén danh cho cac em HS
THCS 16p 6, 7, 8, 9 yéu thich mon Toan phat trién tu duy, nang cao thanh tich hoc tap & truong va dat
diém tét ¢ cac ky thi HSG.
-Boi dudng HSG Toan: Bdi dudng 5 phan mén Pai S6, S6 Hoc, Giai Tich, Hinh Hoc va T6 Hop danh
cho hoc sinh céac khéi I6p 10, 11, 12. Poi ngii Giang Vién giau kinh nghiém: TS. L& B4 Khanh Trinh, TS.
Tran Nam Diing, TS. Pham S§ Nam, TS. Luu Ba Thing, Thay L& Phic Lit, Thay V& Québc Ba Cén cling
d6i HLV dat thanh tich cao HSG Quéc Gia.

I11.Kénh hoc tap mién phi

HOC247 NET céng dbéng hoc tdp mién phi

HOC247 TV kénh Video bai giang mién phi

-HOC247 NET: Website hoc mién phi cac bai hoc theo chuong trinh SGK tir I6p 1 dén I6p 12 tat ca cac
modn hoc véi ndi dung bai giang chi tiét, sira bai tap SGK, luyén tap tric nghiém mén phi, kho tu liéu
tham khao phong phd va cong dong hoi dap sbi dong nhét.

-HOC247 TV: Kénh Youtube cung cip c4c Video bai giang, chuyén dé, 6n tap, stra bai tap, stra dé thi
mién phi tir 16p 1 d&én I6p 12 tit ca cac mdn Toan- Ly - Hoa, Sinh- Sir - Bia, Ngit Vin, Tin Hoc va Tiéng
Anh.
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