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DUONG THANG SONG SONG VOl DPUONG THANG
A.LY THUYET
1. Dinh nghia
Trong phan vi tri twong dbi ctia hai dwdng thang trong khong gian, ta biét rang hai duong thang
phan biét bat ki hodc chéo nhau hodc song song hodc cat nhau. Néu hai dwdng thang phan biét
ddng phang va khéng cét nhau thi ta néi hai dwérng thdng dé song song véi nhau.
Dinh nghia:
Hai dwdng thdng phan biét a,b trong khéng gian dwoc goi 1a song song véi nhau, ki hiéu a//b néu
chung déng phang va khéng cat nhau.

2. Tinh chéat

Dinh li 1: Trong khéng gian cho dwdng thang d va diém 4 ndm ngoai d . Luc dé ton tai duy nhét
mot duwéng thang « va 4 va song song véi dwdng thang d.

Chui y:

Dinh li nay cho ta thém mét cach xac dinh dwdng thdng trong khéng gian: dé 1a dwéng thang di qua
mot diém va song song v&i mét dwong thang cho trwde khong chiva diém d6. Két hop véi dinh i 2
dwédi day cho ta mot cach dé xac dinh giao tuyén clia hai mat phang.

Dinh li 2 ( Vé giao tuyén cia ba méat phang):

T ‘ %
£ “

Néu ba mat phéng phan biét d6i mot cat nhau theo ba giao tuyén phan biét thi ba giao tuyén &y
hodc déng quy hodc déi mét song song v&i nhau.
Hé qua:
Néu hai mat phang phan biét chira hai dwdng thang song song thi giao tuyén ctia ching ( néu co)
cling song song v&i hai dwdng thadng dé hodc trung véi mét trong hai dwéng thang dd.
Dén day ta cé thé bd sung mét phwong phap tim giao tuyén cia hai mat phang:
Buwoc 1: Chi ra hai mat phang («),(4) 1an lwot chiva hai dwong thang song song a,b.
Buwéc 2: Tim mét diém chung M cla hai mat phéng
Buéc 3: Khi do (a)()=Mx//al /b
Pinh Ii 3:
Hai dwdng thang phan biét cung song song véi duwéng thang thir ba thi song song véi nhau.

. /b
Nhw vay, cho hai dwdng thang phan biét thda man {Z / =allb
C

3. Géc giira hai dworng thang trong khéng gian

a) Pinh nghia

Goc gitra hai dweng thang a va b trong khong 1a géc gitra hai duweéng thang a'va b'cung di
qua mét diém va 1an lwot song song véi a va b.

b. Phwong phap tinh géc giira hai dwérng thang trong khéng gian

Buworc 1: Dwng goc . }
- Tim trén hinh vé& xem goéc gitra hai dwdng thang co san khéng?
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- Néu khong c6 san thi ta tién hanh:
+ Chon mot diém O béat ki trong khéng gian.

+ Qua O dwng duong thang a'|la, b'||b. Géc nhon hay géc vudng toc béi a',b" chinh la goc gitra
avab.

Lwuy:

+ Ta thuwong lay diém O thudc mét trong hai dwéng thang a va b.

+ Chon O sao cho gdc gitra a',b’ 14 géc clia mot tam giac ma dd dai cac canh clia né da biét hoac
c6 thé tinh dé dang

Buworc 2: Tinh géc

Dung hé thirc lwong trong tam gidc, ti s6 lwong giac hay dinh li cosin, sin. Truéng hop goc gitra hai
dwéng thdng « va b bang 90° tandi a L b.

B. DANG TOAN VE BUONG THANG SONG SONG VOI DUONG THANG

DANG 1. CHUNG MINH HAI PUONG THANG SONG SONG TRONG KHONG GIAN

Phuong phép chung: Bé chirng minh hai dwong thdng song song trong khéng gian ta sé str dung
mot trong cac sach sau:

+ Céch 1: Chirng minh hai duong thdng déng phéng, sau dé 4p dung céc phuwong phéap chirng minh
song song trong hinh hoc phdng nhu tinh chét duwong trung binh, dinh Ii Thales dao, tinh chét song
song cta hai duong thdng phan biét cung vuéng géc véi duong thang thir 3...

+ Céch 2: St dung tinh chét bdc cdu: Chimng minh hai duong thdng phéan biét cung song song véi
durong thang thir ba.

+ Céch 3: Ap dung dinh Ii vé giao tuyén cia ba méat phang.
Vidul. Cho t& dién ABCD. Goi 1,J lan lwot 1a trong tm cla cac tam giac ABC, ABD . Budng thdng

IJ song song v&i dwdng thang:

A. CM trong d6 M 14 trung diém BD. B. AC.
C. DB. D. CD.

Loi giai:
Pap an D.

Cach 1: ( Bwa vé cling mé&t phang va van dung kién thirc hinh hoc phéng)

5 leCE \ 2
Goi E latrung diém ctia 4B . Ta co {J DE nén suy ra 1J va CD dong phang.
S

Do 1,J lan lwvot |4 trong tAm cta cac tam giac ABC, ABD nén ta cé:ﬂzﬂ:l. Suy ra
EC ED 3

|| CD.

Cach 2: ( Sr dung tinh chat béc ciu)

Goi M, N lan lwot 14 trung diém ctia BD va BC. Suyra MN ||CD (1).

Do I,J lan lwot |4 trong tm cla cac tam giac ABC, ABD nén ta cé:ﬂzﬂzz. Suy

AN AM 3

ra IJ|| MN (2).

T (1) va (2)suyra IJ||CD.

Cach 3: (Sr dung dinh Ii giao tuyén ctia 3 mat phang).

Cé 18 trong vi du nay cach nay hoi dai, song ching t6i van sé trinh bay & day, dé cac ban

c6 thé hiéu va van dung cach 3 hop li trong cac vi du khac.

Dé thay, bdn diém D, C, I, J déng phang.
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(DC)N(AMN)=1J
(DCLJ)n(BCD)=CD

Ta cé: = 1J||CD|| MN .
(AMN)N(BCD)=MN
MN || CD
Vidu 2. Cho hinh binh hanh ABCD. Goi Bx, Cy, Dz la cac dwéng thang song song véi nhau lan luot di

qua B, C, D va nam vé mét phia cia mat phang (4BCD), dong thoi khéng ndm trong mét
phang (4BCD) . Mot mat phang diqua 4 vacét Bx, Cy, Dz lanluottai B', C', D' véi BB =2
, DD'=4.Khidé CC' bang:
A. 3. B. 4. C. 5. D.6.
Lo gidi:
Pap an D.
Goi O la tdm cua hinh binh hanh ABCD. I la
trung diém cta B'D'.
Do Bx, Dz song song v&i nhau nén BDD'B' la
hinh thang va OI la duwdng trung binh cda hinh
thang d6. Suy ra 10 _B8+DD =3.
Mat khac Ol song song yé’i CC’ (vi cung song
song voi DD') nén c6 bon diém C, C', O, [
dong phang.
Giao tuyén cta hai mat phang (4B'D') Voi
(ACC') 13 AC'. Lai c6 I thudc (4B'D'), I thudc
(4CC’).Dod6 A4, I, C' thang hang. Tir day dé dang suy ra, I la trung diém doan AC'.
Do vay, CC'=20I =6. ,
Nhén xét: Ta co bai toan tong quat cho bai toan nay nhw sau: .
Cho hinh binh hanh 4ABCD. Goi At, Bx, Cy, Dz la cac dwdng thang song song v&i nhau
lan lwot di qua 4, B, C, D dong thdi khéng nam trong mat phang (ABCD). MGt mat
phang cét A¢, Bx, Cy, Dz lan lwottai 4', B, C', D'.Khiddé A'B'C'D' |a hinh binh hanh
va AA'+CC'"=BB'+DD'.
Do d6 khi biét 3 trong 4 dbi twong A4', BB', CC', DD’ ta sé dé dang tinh dwoc dbi twong
con lai.
Vi du 3. Cho hinh binh hanh ABCD tam O. Goi At, Bx, Cy, Dz la cac dwong thadng song song véi
nhau lan lwotdiqua A4, B, C, D vanam vé mét phia clia mat phang (ABCD), dong thoi khong

nam trong méat phang (ABCD) . Mot mat phéng (a) didong cat At, Bx, Cy, Dz lan luwot tai 4’
, B', C', D' saocho A4'+CC'+BB'+DD'=a (O cb dd dai cho trwéc). Mat phang («) ludn di
qua diém cb dinh / . Ménh dé nao sau day dung?

A. I ndm trén dwdng thdng O song song vé&i At va OI =

B. [ ndm trén dwong thdng O song song v&i At va Ol =

A|Q O|Q
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C. I nam trén dwong thdng O song song v&i At va O :3761.
D. [ ndm trén dwong thdng O song song v&i At va Ol =a.
Loi giai:
Dap an B.
Theovidu2,tacod: A4'+CC'=20[ = BB'+ AA'+CC'+BB'+ DD'=a nén OI :%.

Bai tap twong tw: Cho tam giac 4BC . O vé mot phia clia (4BC), ngudi ta ké cac duong
thdng song song Ax, By,Cz. 1an lwot |4y trén Ax, By,Cz cac diém 4',B',C".

a) M va M'lanlwotla trung diém 4B, A'B'. Chirng minh rdng MM ' song song véi CC'.

b) G va G' lan lwot la trong tam clia tam giac ABC va A'B'C'. Chirng minh rdng GG' song

song voi CC".
Vidu 4. Cho hinh chép S.ABCD cé day ABCD 14 hinh binh hanh. Cac diém M, N thi tw thudc cac doan
BC va SDsao cho MB _ NS _ l Goi | 1a giao diém ctia MD va AB.
MC ND 2

a) Chang minhrang MN //SI .
b) QuaMké& MN//CD (P ladiém trén BD). Chirng minh rang MP//SB .

Loi gidi:
a) Taco BI//cD= 4 _MB _1 s
MD MC 2
Trong tam giac SDI cé SN _M(_1 — MN //SI.
ND MD\ 2 -
b) Taco MP//AB= 2L -MB_1
PD MC 2
Trong tam giac SBD c6 ﬁzs_Nzl: NP/ /SB.
PD ND 2 B

DANG 2. TIM GIAO TUYEN CUA HAI MAT PHANG (cdch 2). THIET DIEN QUA MOT BUONG
THANG VA SONG SONG VOI MOT bUONG THANG CHO TRUOC.
. Tim giao tuyén ctia hai mat phang (céch 2) .
Pé tim giao tuyén cla hai mat phang chtra hai dwong thang a va b song song, ta tim:
+ Mot diém chung cia hai mat phang do. )
+ Giao tuyén cua hai mat phang la dwong thang qua diém chung va song song v&i a va b (
hoac trung v&i mét trong hai duwdng thang do).
Vidu 1. Cho hinh chop S.ABCD c6 day ABCDIa hinh chir nhat. S4=SB=a,5C =SD = a3 .
Goi E, F 1an lwot la trung diém cta S4 vaSB. M la diém tuy y trén canh BC ( khong trung véi B,C
)
a) Xac dinh giao tuyén clia cac méat phang (S4B) va (SCD);(SAD)va (SBC).
b) Xac dinh giao tuyén clia cac mat phang (MEF) va (ABCD). Twr do6 suy ra giao diém N cla
ADva (MEF). Ching minh rang MNEF 1a hinh thang can.
Loi gidi:
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B
S €(SAB)N(SCD)
AB//CD,AB = (SAB),CD = (SCD)
S €(SAB)N(SBC)
AD//BC,AD <= (SAD),BC = (SBC)

a) Taco { = (S4B)~(SCD)=Sx//AB//CD.

Tuong tu’{ = (S4D)(SBC)=Sy//AD//BC.

b) Do E,Flan Iwot |a trung diém cta SA4,SB nén EF la dwdng trung binh cla tam giac S4B .
Do d6 EF //AB, EF/ :%AB 1)

EF |/ AB,EF < (MEF), AB = (ABCD)
Ta c6 = (MEF)~(ABCD)=Mt//AB//CD (2)

M e(MEF)(ABCD)

Goi N la giao diém ctia Mt véi AD. Ta co:
{N e Mt,Mt = (MEF), AB = (ABCD)

= {N} =AD N (MEF).
M e AD

Tw (1) va (2) suy ra EF //MN,EF :%AB <MN . Suy ra MNEF la hinh thang.

D& thdy ASAD = ASBC(c.c.c) = SAD = SBC = AEAN = AFBM (c.g.¢)= FM = EN vay MNEF
la hinh thang can. . .
Thiét dién qua mét dwong thang va song song v&i mét dwong thang cho trudc
Buorc xac dinh bang cach phdi hop hai cach xac dinh giao tuyén da biét:
Cach 1: Tim hai diem chung cua hai mat phang.
Cach 2: Tim mét diém chung va phuong ( song song vé&i mot dwéng thang cho truére)
clia giao tuyen. ‘
Vidu 2. Cho tir dién ABCD . Goi M, N lan lwot 1a trung diém cla ABva AC, Goi E la diém trén canh
CD véi ED =3EC. Thiét dién tao b&i mé&t phang (MNE) va t dién ABCD la:
A. Tam giac MNE .
B. T giac MNEF véi F la diém béat ki trén canh BD .
C. Hinh binh hanh MNEF véi F 1a diém bét ki trén canh BD ma EF //BC .
D. Hinh thang MNEF véi F |a diém bét ki trén canh BD va EF//BC.
Loi giai:
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Vi du 3.

Trong méat phang (BCD), Goi F la giao diém clia duong thang qua £, song song BC Vi
BD.
- {(MNE) ~(A4BC) = MN;(MNE)~(BCD) = EF

(MNE)(ABD) = MF;( MNE )~ (ACD) = NE
Vay t&r gidc MNEF I thiét dién ciia hinh chop cét bdi (MNE).
(MNE)N(ABC)=MN
(MNE)~(BCD) = EF
(MCD)~(A4BC)=BC
BC//MN
Suy ra tlr gidc MNEF la hinh thang (EF > MN).

Cho hinh chép S.ABCD, day ABCD la hinh binh hanh. Goi M |a trung diém cGa SA. Thiét dién
ctia mat phéng (MCD) v@i hinh chép S.4ABCD la hinh gi?

Lai co = EF//MN.

A. Tam giac. B. Hinh binh hanh.
C. Hinh thang. D. Hinh thoi.

Loi giai:
bap an C.

Goi N latrung diém cGa SB. Do MN //AB, AB//CD = MN//CD.
Nhw vay suy ra N thudc mat phang (MCD).

(MCD)N(SAD)=MD

(MCD)(SAB)=MN

(MCD)N(SBC)=NC

(MCD)~(ABCD)=CD

Vay tir giac MNCD la thiét dién cda hinh chop bj cat bdi mat phang (MCD).
Két hop v&i MN //CD, suy ra MNCD la hinh thang.

Ta co:

DANG 3: GOC GIUPA HAI BUONG THANG

Vidy 1.

Cho t&r dién ABCD c¢6 AB=CD=a, AC=BD=b, AD = BC =c. Xét cac khang dinh sau:

. . b*—c?
a. Cosin cua goc gilra hai dwéng thang 4B va CD bang *—; ‘
a
. > , - . N 2 \ 3 a2 _CZ‘
b. Cosin cua goc gitra hai dwdng thang AC va BD bang - .
2 2
c. Cosin clia goc gitra hai dwérng thdng 4D va BC bang
Trong cac khang dinh trén c6 bao nhiéu khang dinh ding?
A. 0. B. 1. C. 2. D. 3.

Loi giai:
Pap an C.
Goi E, F, G lan lwot la trung diém cGa AC, BC, AD.
Tacé: EF//AB, EG//CD, suy ra goc gitra hai dwdng thdng 4B va CD.
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2 2 2 2 2 2
Ta co: AFZ:AB +4C"  BC _a +b < A
2 4 2 4
Do A4ABC :ADBC(c.c.c) nén AF =DF .
Suy ra AAFD can tai F. Vay
2 2 2
FG L AD = FG =JFA* — AG* = %.
Xét tam giac EFG co:
. 2 2 2 2 g2 D
cosFEG:EF +EG"-FG _c b _ B

2EF.EG a’

o <(F e o el
Vi 0° <(EF,EG) < 90" :cos(EF,EG)z‘cosFEG‘z - c
Vay cosin clia goc giira hai dwdng thdng 4B va CD bang ‘bz _262‘.
a
el

Twong ty ta ciing suy ra cosin clia goc git)a AC va BD bang £
Nhéan xét: Tl vi du nay, ta con suy ra dwoc moét trong ba gia tri a’cos(A4B,CD);
b* cos(AC,BD);c’ cos(AD, BC) bang téng hai gia tri con lai. Cling tir vi du nay ta con suy

ra duwoc voi tir dién déu ABCD thi géc gitra cac cdp canh dbi dién ludn bang 90°

C. BAI TAP REN LUYEN KY NANG

Cau 1.

Cho hai duwong thang @ va b chéo nhau. Ménh dé nao sau day ding?
A. TOn tai hai dwdng thang ¢, d song song v&i nhau, moi dwdng deu catca a va b.

B. Khong thé t6n tai hai dwong thang ¢, d phan biét mbi dwong déu catca a va b.
C. Khéng thé tén tai mét dwong thang catcd a va b .
D. Ca ba cau trén déu sai.

Néu ba mat phéng phan biét déi mét c&t nhau theo ba giao tuyén phan biét thi ba giao tuyén 4y
A. D6i mét cat nhau. B. Bong quy.

C. Hoac di“)ng quy hoac d6i mot song song. D. DAi mpt song song. )

Neéu hai mat phang phan biét lan lwgt chira hai dwong thang song song thi giao tuyén cua ching
(néu co) sé:

A. Song song v&i hai duwdng thang do.

B. Song song vé&i hai dworng thdng d6 hodc tring véi mét trong hai dwéng thang dé.

C. Trung v&i mét trong hai duwéng thang do.

D. Cat mot trong hai dwdng thang dé.

Cho hai dwong thdng a va b chéo nhau. Xét hai dwong thdng p, g ma mbi dwdng thng déu
catcd a vab, p cita tai M, q cit a tai N (M khéng trung v&i N ). Khi d6 hai dwéng thang
pvagq:

A. Cét nhau. B. Trung nhau.

C. Song song v&i nhau. D. Hoac chéo nhau hoéc,cét nhau.
Hai dwong thang cung song song v&i dwdng thang thr ba thi hai dwdng thang dé:

A. Song song. B. Trung nhau.
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Céau 10.

Céau 11.

C. Chéo nhau. D. Hoac song song hoac trung nhau.
Gia st (P), (Q), (R) 1a ba mat phang cat nhau theo ba giao tuyén phan biét a, b, ¢. Trong do:

a=(P)N(R), b=(Q)N(R), c=(P)N(Q).

Trong cac ménh dé sau, ménh dé nao sai?

A. a va b cat nhau hodc song song v&i nhau. ]

B. Ba giao tuyén a, b, ¢ dong quy hoac doi mét cat nhau.

C. Néu a v@ b song song v&i nhau thi a va ¢ khéng thé cat nhau, cling vay, b va c
khong thé cat nhau. ‘

D. Ba giao tuyén a, b, ¢ dong quy hoac déi mdt song song.

Cho hinh chép SABCD c6 day la hinh binh hanh. Khi d6 giao tuyén ctia hai mat phang (SBC) va
(SAD) la dwong thang d :

A.DPiqua S . B. Di qua diém S va song song v&i AB.

C. biqua diém S va song song véi AD. D. Diqua diém S va song song véi AC.

Gia st c6 ba dweng thang a, b, ¢ trong d6 b//a va ¢/ /a. Hay chon cau dung:

A. Néu méat phang (a,b) khong tring voi mat phang (a,c) thi b va ¢ chéo nhau.

B. Néu mét phang (a,b) tring v&i mét phang (a,c) thi ba dwéng thang a, b, ¢ song
song v&i nhau tirng déi maot.

C. Du cho hai mé&t phang (a,b) va (a,c) c6 tring nhau hay khéng, ta van co6 b//c.

D. Ca ba cau trén déu sai.

Cho hai dwong thér]g a, b . Hai dwdng thang nay sé& ndm & mot trong cac truéng hop:

(1) Hai dwong thang phan biét trong khong gian.

(2) Hai duwdong thang phan biét trong mat phang.

(3) a lagiao tuyén cta (P) va (R), b la giao tuyén cia (Q) va (R), trong do (P), (0),
(R) 1a ba mat phang khac nhau tirng d6i mot.

Twong &ng v&i méi trudng hop trén, sb cac kha nang co thé xay ra gitra @ va b lan lwot
la:

A. 3, 2, 2. B. 3, 2, 3. C.2,3 2 D. 3,2, 1.

Xét hinh bén duwéi:

Céc canh ctia hinh hép nadm trén cac dwdng thang @, b, ¢ nhu hinh vé:

(1) Puwong thdng a va dwong thdng b cung nam trén mot méat phang.

(2) C6 mét mat phang qua hai dwdng thang a va c.

(3) Cé mét mat phang qua hai dwéorng thang b va c.

Trong ba cau trén:

A. Chi c6 (1) va (2) dang. B. Chi c6 (1) va (3) dung.

C. Chico (2) va (3) dung. D. Ca ba cau trén déu dung.

Cho hinh chép S.ABCD c6 day ABCD la hinh thang day I&én 1a CD. Goi M 1a trung diém cta S4
, N lagiao diém ctia canh SB va mat phang (MCD). Ménh dé nao sau day dung?
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Cau 12.

Céau 13.

Cau 14.

Céau 15.

Céu 16.

Cau 17.

Céau 18.

A. MN va SD cat nhau. B. MN va CD chéo
nhau. ]
C. MN va SC cat nhau. D. MN va CD song

song va&i nhau.

Cho t& dién ABCD. Goi M, N,P,Q lan lwot la trung diém cla cac canh 4B, AD,CD, BC . Ménh
dé& nao sau day sai?

A. MP,NQ chéo nhau. B. MN /[ PO va MN = PQ.

C. MNPQ 1a hinh binh hanh. D. MN /[ BD va MN:%BD.

Cho hinh chép S.ABCD véi day ABCD 1a hinh binh hanh. Goi M, N, P,Q lan lwot la trung diém

clia cac canh S4,SB, SC,SD . Pudng thang nao sau day khéng song song véi dwdng thang MN
?
A. AB. B. CD. C. PQO. D. SC.

Cho hinh chép A.BCD véi day ABCD la hinh binh hanh. Goi M, N,P,Q,R,S lan luot la trung
diém cla cac canh AC,BD, AB,CD, AD, BC . Céc diém nao sau day khéng déng phéng?

A. M,P,R,Q. B. M,R,S,N. C. P,O,R,S. D. M,P,Q,N.

Cho hinh chép S.ABCD véi day ABCD 1a hinh thang voi day 4D va BC (AD=a>BC=b).
Goi 1,J lan luot la trong tam cac tam giac SAD va SBC . Méat phang (A4DJ) cét SB,SC lan lwot
tai M,N . Mat phang (BCI) cat S4,SD lan luottai P,0 . Goi E |a giao diém clia AM va PB,
F la giao diém ctia CQ va DN . Trong cac ménh dé dwdi day, cé bao nhiéu ménh dé sai?

1) MN va PQ song song v&i nhau.

2) MN va EF song song v&i nhau.

3) EF=§(a+b).

4) EF :%(a+b)

A 4. B. 1. C.2. D. 3.

Cho ti dién ABCD. Goi 1,J lan lwot |a trung diém ctia AC,BC . K la diém trén doan BD sao
cho KB=2KD, F la giao diém clia AD va (LJK). Giao tuyén cla hai mat phéng (S4D) va
(IJK') song song véi dwong thang?

A AJ. B. BI. C. lJ. D. CI.

Cho t&r dién ABCD . Goi 1,J lan lwot |4 trung diém ctia BC, BD . Giao tuyén cla hai mat phang
(ALJ) va (ACD) la:

A.Buong thang d diqua 4 va d J/ BC. B. Puong thdng d diqua 4 va d /| BD.
C.buong thdng d diqua 4 va d//CD. D. Buwong thang 4B .

Cho hinh chép S.ABC, M |a mét diém ndm trong tam giac ABC . Cac duwdng thdng qua M song
song v&i S4,SB,SC cét cac mét phang (SBC),(SAC),(SAB) lan lwottai A',B',C'.

MA" MB' MC'
SA i SB i

a) c6 gia tri khéng ddi bang bao nhiéu khi M di déng trong tam giac ABC ?

A.l. B.l. C. 1. D.%.
3 2 3
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Céau 19.

Céu 20.

Cau 21.

Cau 22.

b) MA .MB .MC nhan gié tri I&n nhat. Khi dé vi tri cia M trong tam giac ABC la:
sS4 SB SC

A. Trwc tdm AABC. B. Trong tdm AABC.

C. Tam ngoai tiép A4BC. D. Tam noi tiép AABC.

Cho hinh chép S.ABCD v&i day ABCD la hinh binh hanh tam O. Mat phéng (a) di dong di qua
AB vacat SC,SD lan lwottai M, N .
a) T giac ABMN la hinh gi?

A. Hinh binh hanh. B. Hinh thang.

C. Hinh thoi. D. T giac 16i c6 cac cép canh dbi cat nhau.
b) Giao diém cla hai dwong thdng AM va BN ludn chay trén dwéng théng cb dinh:
A.SO. B. Buwong thang diqua S .

C. budng thang di qua S, song song v&i AB . D.BPudng thdng diqua S, song song v&i AD .
c) Giao diém clia hai dwong thdng AN va BM lubn chay trén dwdng thang cb dinh:

A.SO. B. Buong thang diqua S .
C. budng thang di qua S, song song v&i AB . D.BPudng thdng diqua S, song song v&i AD .
d) Tinh ﬁ—ﬁ?
MN SK
A. 0. B.l. C.l. D.z.
2 3 3

Cho t&» dién ABCD. Goi G 14 trong tdm tam giac BCD va M l|a diém nam bén trong tam giac
BCD. Puong thdng qua M va song song véi GA lan lwot cit cac mat phang
(4ABC),(ACD),(ADB) tai P,O,R.

MP +MQ+ MR

GA
Al B. 2. C.3. D. 4.

b) Xac dinh vitri cia M dé& MP.MQ.MR dat gia tri I&n nhat?

A. M la trwc tdm tam giac BCD. B. M la tam ngoai tiép tam giac BCD.

C. M latrong tam tam giac BCD. D. M latam ngoai tiép tam giac BCD.

Cho hinh chop S.ABCD c6 day ABCD la hinh vudng canh a, tam O. Mat bén (S4B) la tam

a) Khi M diddng trong tam giac BCD, dai lwong khong ddi va bang:

giac ddu va SAD =90° . Goi Dx la duong thdng qua D va song song véi SC.
a) Giao diém I cda dwong thdng Dx voi mét phing (SAB) chay trén dwong thang:

A. Qua S va song song voi 4B . B. Qua § va song song v&i AD
C. SO. D. SD.
b) Dién tich thiét dién cta hinh chép S.ABCD cat bai (AIC) la:
2 2 2 2
A EIT g a7 c. VT p. VT
8 4 2 16

Cho hinh chép S.ABCD c6 day ABCD la hinh vuéng canh a, tdam O. Mat bén (SAB) la tam
gidc déu, SC = SD = a3 . Goi H,K 1an lwot la trung diém cla SA,SB. M |a diém trén canh 4D
. Mat phéng (HKM ) cat BC tai N .

a) HKNM 1a hinh gi?
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Cau 23.

Cau 24.

Céu 25.

Cau 26.

Cau 27.

Cau 28.

Cau 29.

Cau 30.

A. T giac 16i co cac cap canh dbi cit nhau.  B. Hinh thoi.
C. Hinh thang can. D. Hinh binh hanh.
b) Dbat AM =x (OS x < a) . Tim x theo a dé dién tich t& giac HKNM dat gia tri nhé nhat?
A 0. B. a. c. . D. 2.

2 4
Cho hinh chép S.ABCD c6 day ABCD la hinh thang c6 canh day 4B va CD. Goi 1,J lan lwot
la trung diém ctia cac canh AD, BC . G la trong tm cla tam giac SAB . Thiét dién cta hinh chép
S.ABCD cét bdi (IJG) la mot tlr giac. Tim diéu kién ctia 4B,CD dé thiét dién dé 1a hinh binh
hanh?
A. AB=3CD. B. AB=2CD. C. CD=2A4B. D. CD=34B.
Cho t& dién ABCD. Goi 1,J lan lwot la trung diém cla cac canh BC,BD . E |a mot diém trén
canh AD (E khac A,D). Tim diéu kién cua t& dién ABCD va diém E sao cho thiét dién cla
hinh chop cat béi (LJE) 1a hinh thoi?

A. AB=CD,EA=-ED. B. AD=BC,EA=—ED.

C. AB=CD,EA=-2ED. D. AD = BC,EA=-2ED.

Sb do goc gitra hai dwong thdng bang 0° thi hai dwong thang dé:

A. Song song. B. Chéo nhau.

C. Trung nhau. D. Song song hodc trung nhau.

Ban Tung Chi xac dinh géc gitra hai dwéng thang a,b trong khéng gian nhuw sau:

Budc 1: LAy diém O bat ki. Qua O dwng dwdng thdng m song song véi a. Trén duwong thang
m 4y diém A4 khac O.

Buée 2: Dung dwong thdng 1 song song vdi song song véi b . Trén dwdng thdng m lay diém B
khac O.

Buéc 3: Goc gitra hai duwong thang a va b chinh la géc AOB.

H&i ban Tung Chi c6 lam dung khong, néu sai thi sai & bwdc nao?

A. Buoc 1. B. Buéc 2. C. Buéece 3. D. Ban lam dung.
Cho ba dwdng thang a,b,c sao cho a//b,b L c. Khi dé géc gitra hai dwdng thang a va ¢ bang:
A. 90°. B. 60°. C. 45°. D. 30°.

Cho hinh chép A.BCD c6 cac tam giac ABC, ABD déu canh a, E latrung diém cta CD. Tinh

s6 do clia goc giiva hai duong thang AD va BC biétring AEB =90°.
A. 90°. B. 60°. C. 45°. D. 30°.

Cho hinh chop S.ABCD c6 day ABCD 1a hinh vudng canh 2a, SA =a, ASB = SAD =90°. Goi
E,F 1an lwot 14 trung diém clia cac doan AB, BC . Tinh cosin clia géc gilra hai dwong thang SE
va DF .

A B —. c.—. D. .

J5 J5 J5 J5
Cho hinh chop S.ABCD c6 day ABCD la hinh chir nhat véi AB =a, AD =3a,S54 = a~/3 . Cactam
giac SAB,SAC,SAD vuéng tai A . Tinh cosin cla géc gitra hai dwong thang SC va BD .

8 4 3 ]

cC. —.

. B. —. D. —.
130 J130 2 J5
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Céu 31.

Céau 32.

Cho ter dién ABCD c6 AB=5,AC=7,BD =+/57,CD=9. Tinh sb do cia goc gitra hai dwong

thdng BC va AD?

A. 30°. B. 45°. C. 60°. D. 90°.

Cho t& dién ABCD ¢6 AB = AC = AD =a, BAC = BAD = 60°,CAD =90° . Goi E la trung didm

ctia doan BC . Tinh cosin ctia goc gitra hai dwdng thdng AB va ED.
5 5 o 25

A —. B. —. . D.l.
5 10 5 2

HUONG DAN GIAI

Cau 1.

Cau 2.
Cau 3.
Cau 4.
Cau 5.
Cau 6.
Cau7.
Cau 8.

Céau 10.

Dap an D. ) . ) .
* BDap an A sai. Gia st¢ ¢ cat a,b lan lwvottai 4,B, d cat a,b lan lwot tai C,D. Suy ra
A,B,C,D dbng phang, hay a,b ddng phang, vo Ii.

* Dap an B, C sai, ching ta c6 thé dé dang thay mét vi du 13 t& dién ABCD cé AB va CD
déu cat hai dwdng thadng chéo nhau 4D va BC.

Dap an C.

Dap an B.

Dap an D.

Dap an D.

Dap an B.

Dap an C.

Dap an D.

« Dap an A sai vi néu (a,b) va (a,c) khéng trung nhau thi a,b,c d6i mdt phan biét. theo
tinh chat béc cdu suyra b//c.

« Dap an B, C sai, vitaco thé lay vidu b=c.

Dap an B.

* Truong hop (1) co thé xay ra gira hai duong thang a,bla chéo nhau, song song, cat
nhau.

* Trwdng hop (2) co thé 1a song song, cat nhau.
* Trwong hop (3) co thé 1a song song, cat nhau hoac trung nhau.

Nhw vay, twong trng véi méi truéng hop, sé cac kha nang co thé xay ra gitra a,b 1a 3,2,3.

Dap an C.

Nhin vao hinh vé&, ta thay a,b chéo nhau, nén khong c6 mét phang nao chira ca a,b. Do d6 (1)
sai. Vay dap an A, B, C sai.

Puong thdng a,c cat nhau, xac dinh duy nhat mét mat phdng chira ca hai duwong. Dap an (2)

dung.
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Puwong thang b,c cat nhau, xac dinh duy nhat mot mat phéng chira ca hai dwong. Dap an (3)
dung.
Cau 11. bapanD.
ABJ/CD
Ta co: 4 AB =(SA4B),CD = (MCD)= MN /[ CD.
MN =(SAB) ~(MCD)
Cau 12. bapanA.

A B

Do M,N lan lwot | trung diém cla AB, AD nén MN [/ BD,MN:%BD.

A 2 . R 1
Do P,Q lan lwgt la trung diém cta CD,CB nén PQ//BD,PQ:EBD.

Suy ra MN /| PO, do d M,N,P,Q déng phang. Do d6 MP, NQ khéng thé chéo nhau.

Cau13. bapanD.
Do MN la dwéng trung binh cla tam giac S4B nén MN [/ AB.

Twong tw, do PQ la dwong trung binh cta tam giac SCD nén PQ// CD.
ABCD 1a hinh binh hanh nén 4B [/ CD . Do d6: PQ /| MN va MN [/ CD.
MN khéng song song v&i SC vi gid st nguoc lai thi SC va CD trung nhau (vé ).

Cau14. PapanA.
Do M,N,P,O,R,S lan lwot la trung diém cta AC,BD, AB,CD,AD,BC nén MR/[/CD// SN,

PSJ//ACJIRQO, MPJ/BC//NQO. Do d& M,R,S,N dbéng phang; P,0,R,S ddng phang;
M,P,0,N dbng phang.
M,P,R,0Q khéng ddng phéng vi gia st nguoc lai thi P sé thuc méat phéng (4CD), suy ra B
thuoc mat phang (4CD) (v6 li).

Cau15. Dap anB.
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Taco I e(S4D), suyra I €(SAD)N(BCI).
(SAD)(BCI)=PQ

Do < AD =(SAD),BC = (BCI)= PQ// AD || BC .
AD[[ BC

Taco: J €(SBC), suyra J €(SBC)n(4DJ).
(SBC)N(ADJ)=MN

Do < BC c(SBC),AD c(ADJ)= MN /| AD [/ BC.
ADJ/ BC

Tw d6 suy ra MN va PQ song song vOi nhau.

EF =(ADNM )N (BCQP)

AD =(ADNM )\ ( ABCD)

Ta co: = EF [ AD.
BC =(ABCD)(BCOP)
AD// BC
Suyra EF /| MN . Goi K la giao diém cla CP v&i EF EF = EK + KF .
0 g:E:S£:>PM//AB.
SA4 3 B
Theo dinh ly Thalet ta co: E = z = E = % Do EK song song v&i BC nén theo dinh ly Thalet
EB 3 PB 5
ta co E:%:g EK =—b
PB  BC 5

TLPO’ngtu’taCUngC('):gz£:>£=£:>£=§:>FK=§PQ:§.EAD:Ea.
FC 3 FC 3 FK 3 5 53 5

Tw day suy ra EF =%(a+b).

Cau 16. bapanC.
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Cau 17.

Cau 18.

Céau 19.

(SAD)N(IJK)=FK
Taco: {AD < (SAD),1J < (IJK)= FK [ I .
ADJI 1T

Dé& dang chirng minh dwoc cac dwdng thang con lai khéng song song véi FK .
Dap an C.
Do 1,J lan lwot 1a trung diém ctia BC,BD nén IJ la dwong trung binh cla tam giac BCD. Suy

ra IJ J[CD.

. {IJ//CD,IJc(AIJ),CDc(ACD)
Ae(ALJ)N(ACD)

Dap an C, B.

= (ALJ)N(ACD)= At ]/ CD.

a) Do MA' [/ SA nén bbn diém nay nam trong cung mat phang. Gia st E 13 giao diém clia mat

MA' ME S,

SA  EA S,

MB' _ Suuc ,MC’ _ S . Vay MA + MB' + Mc =1. Vay dap an dung la .

S e SC S0 sS4 SB  SC

b) Ap dung b4t dang thirc Cauchy ta c6 :

MA" MB'  MC' MA" MB' MC' MA" MB' MC' 1
+ + >33 . . = . . <—.

sS4 SB SC SA4 SB SC S4 SB SC 27

MA'" MB _ MC'
-~ SB SC

Diéu nay chi xay ra khi M la trong tam tam gidc ABC . Vay dap an ding 1a B.

DPapanB, A D, A

phéng nay véi BC . Khi d6 A, M, E thdng hang va ta co:

Twong tw ta co:

Dau bang xay ra khi va chi khi: Suic =Suus = Susc -
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MN = (ABM)m(SCD)

AB = (ABM)m(ABCD)
CD =(ABCD)N(SCD)
CDIl AB

nén ABMN khéng thé 1a hinh binh hanh, hinh thoi. Vay dap an dang la B.
I e (SAC)
I €(SBD)
1€(84D)
I e (SBC)

Giao tuyén clia hai mat phéng (S4D) va (SBC) la dwong thang qua S va song song voi 4D .

a) Taco: = MN /| AB . Do d6 ABMN 14 hinh thang. Do MN < AB

b) Goi I = AM N BN = { = 1 € SO =(SAC)(SBD). Vay dap an dung la A.

c)GQiK:ANmBM:{ = [ €(SAD) N (SBC).

Vay dap an dung la D.

d) Do MN /| 4B nen 22 _BM )
MN MK

Do SK /| BC nen BB (3)
SK MK
AB BC
Tw (1) va (2) suyra ——-——=0. Vay dap an dung la A.
(1) va (2) suyra 25 vay aep an aing

Cau 20. bapanC,C.
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Céau 21.

a) Trong mat phang (BCD), goi I = MGNBC,J =MGNCD,K = MG BD.

Qua M ké Mx//GA. Trong (ALJ): Mx " Al = P(day chinh la giao diém cla Mx voi (ABC))
Tuwongtw MxNAK =R,MxNAJ =0.
IM — SMIC — SM[B _ SMIC +SMIB _ SMBC - 3SMBC )

Taco: = = =
SGIC SGIB SGIC + SG[B SGBC SBCD
Theo dinh ly Thalet ta c6 : %:@ Do do : K=?’Sﬂ.
IG G4 GA Sy
Chtrng minh twong tw ta co : MO _ 35y ,MR _ 3 = MP+MO+MR _ 3.
Secp GA  Syep GA

Vay dap an dung la C.

3
b) Ap dung bat déng thirc Cauchy ta c6 : MP.MO.MR < (MP+A§Q+MRJ =GA>.

Vay gié tri I&n nhat cia MP.MQ.MR bang GA®. D4u bang xay ra khi va chi khi MP = MQ = MR.
Diéu nay xay ra khi M |a trong tam tam giac BCD. Vay dap an dang la C.
Dap anA, A.
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B

a) Do Dx// SC nén hai dwdng thang nay cung ndm trong mat phang (SCD).

Lai co, hai m&t phéng (S4B) va (SCD) co D la diém chung, 4B/ CD nén giao tuyén la dwong
thdng diqua S va song song v&i 4B . Vay I thudc giao tuyén nay.

Vay dap an dung la A.

b) Goi E la giao diém cta SD va IC . Suy ra thiét dién cta hinh chép cét béi mét phang (AIC)
la tam giac ACE .

Ta cé SIDC 1a hinh thang nén SI =CD va SI[/CD. Suyra SI = AB va SI /| AB . Biéu nay suy
ra SIDC la hinh binh hanh. Khiddé 4/ =SB=a.

Mat khac, AC =SD =a2 = AE =2

2
Y4
Xéttam gidc IAC ¢6: CI* =2(AC* + AI’)-4AE* =4a* = CI =2a .

2

a 2 2
2 2 2 —t+2a"—a -
Taco: cosCAE:AE +AC - CE -2 5 =§:>sinCAE=ﬂ.
2AC.AE 2a 4 4
2
Dién tich thiét dién Ia : S:%AC.AE.sinCAE:%aﬁ.azz .gz 4 gﬁ

Vay dap an dang la A.
Cau 22. bapanC,A.

a)Taco:
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= (HKM )~ (ABCD)=MN [l AB || HK (1).

KH || AB,KH = (HKM ), AB = (ABCD)
M e(HKM ) (ABCD)

Ta lai c6: ASAD = ASBC (c.c.c)= SAD = SBC .
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