Thang duv binh phuong
Nguyén Van Son A1K40
Truwong THPT chuyén Phan B6i Chau Nghé An

Chuyén dé nay viét vé mot khai niém kha thu vi cta s hoc, do la
Thang dv binh phuong. Chuyén dé trinh bay mot s6 khai niém co
ban, cac vi du minh hoa cung cac ¢ng dung cua ly thuyét Thang du
binh phuong.

Céc bai tap duoc chuan bi tvong doi k§ lvdng va han ché trinh bay
lai cac tinh chat, cac dinh ly cung cac bd dé co ban. Vi thé déi
tvong doc can c6 va nam vitng duoc nhitng kién thirc nhat dinh vé
ly thuyét nay. Bén canh d6 cling phai co6 cac kién thic vé béac, can
nguyén thay, sé mi dang, phuong trinh déng dw, hé thang du, dinh
ly phan du Trung Hoa.

I. MOt sO tinh chat can biét.

1) Pinh nghia 1: Cho s6 nguyén duong n, s6 nguyén a duoc goi
thang dv binh phuvong modn ( hay sé chinh phwong modn) néu ton
tai s6 nguyén x sao cho: x*=a (modn).

2) Pinh nghia 2: Giad st p la mot sd nguyén t6 Ié, a la mot s6

nguyén. Ki hiéu Legendre (EJ dwoc xac dinh nhu sau:
P
1 néu (a,p) =1 va a la so chinh phuong modp
(E =<—1 néu (a,p) =1 va a khong la s6 chinh phuong modp
p L
Onéua:p

3) Dinh ly 1 ( tiéu chuan Euler ): Cho p la mot s6 nguyén td va a

p-1
la mot s6 nguyén. Khi d6 ta cé: a? = (Ej (mod p).
P



Ching minh: Goi g la mdt can nguyén thay modulo p. Khi d6 tap
{1,g,g2 ..... gp‘z} la hé thdng dv thu gon modulo p. Do d6 ta chi can
chitng minh cho a e{l,g,g2 ..... gp‘z}.

Gia st a=g'ie{012,..,p-2}. Tacan ching minh

That vay, gia st :
p-1 p-1

a’? = (g‘)T =1(modp) = pT =0(modp-1) = i=0(mod2)

Zj:a:(gj)zz(%]:1

Nguoc lai, néu (%j =1 thi ton tai je {0,1,...,p—2} sao cho

Suyratontai jeN :i

z(g) modp):>g —(gj)z(modp):isz(modp—l):iEO(modZ)Do
do aIOTl :(g‘)pgl g = 1(mod p)

Vay dinh ly trén dwoc chirng minh.

4) Pinh ly 2 ( bd dé Gauss ): Cho p la mot sd nguyén t6 va a la

ka

h} mod p

p-1
mot s6 nguyén. Khi dé ta c6: a? =

*M \”
N

5) Luat twong hé Gauss ( luat thuan nghich binh phuong): Cho p,q
la hai s nguyén t6 & phan biét. Khi do:

1. Néu c6 it nhat mot trong hai s6 c6 dang 4k +1 thi p la sé chinh
phuong (modq) khi va chi khi g la s6 chinh phwong (mod p).

2. Néu ca hai s6 déu c6 dang 4k +3 thi p la sd chinh phuong
(modq) khi va chi khi g la s6 khdng chinh phuong (modp).

Va dudi ki hiéu Legendre, Luat tuong hd Gauss duoc viét dwdi dang:



Virng vang nén ting, Khai sing twong lai

Chtng minh:
Pat A:{a|(a,pq) -11<a SM},B =[x

2 XeA

()% Jimos)
Sl
Bit {al(a,p) l1<a< pqz—l}’D _ {q,q.z,...,q.pT_l}

Nhéan thdy C la hop roi cia A va D nén:

[[x=Bq? (pT_lJ! (modp) = B'(%j(pT_lj! (modp)
(p

-

o]

B

©

Nhan xét 1: <

©

B

o]

Tuwong ty ta co: B = (—1)p7_1 Ej(mod q)

Vay nhan xét 1 duwgc chirng minh.

Tir day ta c6: néu B = +1(mod pa) thi (-1)7 (ﬂ] ()7 (EJ hay

HECi

Nhan xét 2: B = +1(modpq) <> p = q = 1(mod4)
V6i ac A ton tai duy nhdt a'c A va S_ e {—1;1} thoa man:

aa'=S,(modpq). Day la song anh trén A nén B =[x =<3, trong d6 5

XeA

la tich cac phan tir cla tap E={acAla=a"}.
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Theo dinh ly phan du Trung Hoa thi phuong trinh x* = 1(mod pq) co 4
nghiém 1,-1,N,-N (N = +1).

Gia st p=q=1(mod4). Khi d6 phuong trinh dong dv x* = -1(modpq) c6
nghiém 1 va tr dé suy ra toan bd nghiém vuia né la: 1,-1,NI,-NI. Do d6
B =+(1LN.INI) = +1(modpq).

Gia st (p,q) = (1,1)(mod4). Khi d6 phuong trinh déng dv x* = -1(mod pq)
vo nghiém. Do d6 B = =(1..N.) = +1(mod pq)

Nhan xét 2 dugc chirng minh.
Nhv vay néu (p,q) # (1,1)(mod4) thi

(257 (3] 3)-4

va néu (p,q) = (1,1)(mod4) thi (-1)2 2 =-1=(-1) ¢
(p-1)(a-1)
Do vay ta luon c6 (Ej(ﬂj =(-1) e .
q/\p
Ngoai ra dinh Iy trén con duoc chung minh bang b6 dé Gauss, ban doc
c6 thé xem chirng minh &y tai |5].

Luat twong hé Gauss cd y nghia vé ciing quan trong trong cac bai toan
vé thang duv binh phrong va dac biét n6 gitp ta bién doi va tinh toan
cac ky hiéu Legendre mot cach hop ly. Diéu nay sé dwoc thé hién ro
trong cac vi du va bai tadp & phan sau.

6) Binh nghia 3: Cho a la mot s6 nguyén va b la mot s6 nguyén
duong Ié. Gia s b = pip%..p* la s phan tich chinh tac cia b. Ki
hiéu Jakobi dwoc xac dinh nhv sau:

SEGIGES!



va [piJ duwoc xac dinh theo ki hiéu Legendre nhu trén.

Chua y: Ki hiéu Jakobi c6 day du cac tinh chat nhw ki hiéu Legendre.
Pac biét Luat twong ho Gauss dugc mé rong dudi ki hiéu Jakobi nhuw
sau:

Néu m,n la cac s6 nguyén duong Ié va nguyén td cung nhau. Khi do:

7) Tinh chat: Gia st n la mot s6 nguyén Ié va a la s6 nguyén voi
(a,n) =1. Khi d¢ ta co:

i.  NEu a=b(modn) thi (%j - (Ej
(3R

i %1} ~ ()

v %J ()

v. 2 las6 chinh phuong mod p khi va chi khi p = +1(mod8)

vi. -2 la s6 chinh phuong mod p khi va chi khi p =1,3(mod8)
vii. 3 la sd chinh phuong mod p khi va chi khi p = +1(mod12)
viii. -3 la s6 chinh phuong mod p khi va chi khi p =1(modé6)

I1. M6t s6 bai toan rng dung.

Bai toan 1. Cho da thirc P(x)=(x* —2)(x* ~3)(x* -6). Ching minh
rang voi moi s6 nguyén td p, déu tim dwoc s6 nguyén dueng n sao
cho P(n)fp.

Loi gidi:

V6i p =2,3 twong ng ta chon n=2,3 , hién nhién théa man.



Gia sir ton tai s6 nguyén t8 p >3 sao cho P(n)/p WneZ.
hay (n2 —2)(n2 —3)(n2 —6);40 (modp) vneZ.
Suy ra 2,3,6 déu khong la s6 chinh phuong (modp), hay

p-1 p-1 p-1
22 = —1(mod p), 32 = —1(mod p),6 2 = —1(m0d p)
% 227 3% = (-1).(-1) = 1(modp)

Nhung ré rang 6 2 =2

Vo ly vi p nguyén t6 > 3.

Bai toan 2. Xét da thuic P(x) =x3+14x* —2x + 1.

Chirng minh réng ton tai s6 tw nhién n sao cho véi moi x  Z, ta co:
101 | P(P(...P(x)...)—x

—
n

Loi giai:

Xét hai s6 nguyén x,y bat ky.

Ta s& ching minh rdng x = y(mod101) < P(x) = P(y)(mod101)(1)

Hién nhién x = y(mod 101) = P(x) = P(y)(mod 101)

Do P(x)=x®+14x* —2x+1 nén ta co:

4[P(x) —~ P(y)] = 4(x -~ y)(x2 + XY +Y° +14x + 14y — 2)

= (x—y)[(2x+y+l4)2 +3(y—29)z}
X = y(mod 101)

Suy ra: P(x) = P(y)(mod101) < [(2x +y+14) +3(y-29) =0(mod101)(2)

Xét (2):

Néu ged(y-29,101) =1 thi (1%3 =1=101=1(mod6). VO ly.

Néu 101 (y -29) = 101|(2x +y +14) = x = y = 29(mod 101}
Nhu vay ta ludn c6 x = y(mod101).
Do do (1) dwoc chirng minh.



[
102

Theo nguyén ly Drichlet, ton tai m,n e {1,2,...,102},m > n sao
cho:P(P(..P(x)...) = P(P(-.P(x)...)(mod101)
m n

Tu nhan xét trén ta suy ra: P(P(...P(x)...) = x(mod101) Vx e Z.

—_—
m-n

Bai toan 3.Ching minh rang phuong trinh x? =y* -5 khéng c6
nghiém nguyén.

Loi giai:

Gia st phuong trinh x* = y*—5 ¢4 nghiém nguyén (x,y).

Néu y chan thi x* =y*-5=-5=3(mod8). Vo ly vi mot s6 chinh
phuong chi cé thé dong dv 0,1,4 theo modulo 8.

Do do y Ié.

Néu y =3(mod4) = x* =3° -5 =2(mod4). VO ly.

Suy ra yzl(mod4)—>y:4z+1, zel.

Khi d6 ta co :

X2 +4=y° —1:(4z+1)3 ~1=642° +482° +127 = 42(162° + 122 + 3)
Suy ra: x* = -4mod (1622 +12z + 3)

St dung ky hiéu Jakobi ta duwoc :

-4 -1
l = > = > = —1
16z° +12z2 + 3 16z° +12z + 3

(Vi 162* +12z+3 = 3(mod 4)),V6 ly.

Vay phuong trinh da cho khéng cé nghiém nguyén.

Bai toan 4 .Chirng minh rang phwong trinh sau khong c6 nghiém
nguyén duwong: 4xyz—-x -y =1t
Loi giai:



Gia st ton tai bo s6 nguyén duong (x,y,zt) théa mén:

AXyz — X —y = t* & 16xyz° = 4xz + 4yz + 4zt°

o 47tt +1 = (4xz - l)(4yz - 1) = (22t)2 = —zmod (4yz - 1)(*)

Gia st rang z = 2*b, v6i k la s6 nguyén khéng am va b 1a mot s6
nguyén duong 18. T (*), s dung céc tinh chét cda ky hiéu Jakobi

ta duoc:

L= 4y;Z—1 (4yz 1)(4yz 1}( j:_(4y22_1)k[4y2—1)(_1)b21

S [(Mkyb)b 1J(_1)b2: [4y22_1jk[—?1j(_1)%1

2 k
=— =T
(4yz—1j

Néu k chan thi T=-1. V0 ly.
Néu k & thi noéi riéng: k >1.

Suy ra: 4yz—1=(4.2k)by—1z—1(mod8):>( ]:1:>T:—l

4yz -1
Vo ly.

Vay phuong trinh dang xét khong cé nghiém nguyén.

Chu y réng cac phuong trinh sau ciing khong c6 nghiém nguyén
duong:

a) 4xy -x—-1=72

b) 4xy —-x-y =2

Bai toan 5. Chitng minh rang s6 4kxy -1 khong chia hét s6 x™ +y"
vOi moi x,y,k,m nguyén duong.

Loi gidi:

Gia str ton tai cac s6 nguyén duong x,y,k,m sao cho:

(4kxy—1) | (xm + ym).

Cha y rang: 4kxy —1,x™,y™ d6i mot nguyén té cung nhau.



Virng vang nén ting, Khai sing twong lai

bat m, = [g}’”l = [g} Xét cac kha nang sau:
a) m=2m,n=2n,

Khi do: (4kxy -1)] (xm1 )2 + (ym1 )2 =N (4kx_y1— J =1

VO ly vi 4kxy —1=3(mod4).
b) m=2m,n=2n +1

(truong hop m =2m, +1,n =2n, hoan toan tuong tu)

Ta cO: 4kxy —1|x™ +y™ = (xml)2 +y(y"1)2 = (4k>3— J =1

Néu y 1é, ta co:

(4k>:;/ —y11] B (4kx_y1 - 1J£4kx)3// - 1] B _(_1)%1 (4kx3)// - 1}
- —(—1)7 [_VlJ -1

Mau thuan.

Néu y chan. Ta dat y =2'y,, v6i teN", y, Ié.
Khi dé twong tv treong hop y 1€, ta co:

5 (4kxy—1)2—1 . y, -y,
— | — 8 — — —
— | =(-1) =1va — =] = —|=1
4kxy —1 4kxy —1 2".4kxy, —1

Suy ra: (4k>3 - 1} B [if(;y_l)lJ B (4kx§/ - J (4k>_<i//1— J = (1) (-1)=1

Mau thuan.
c) m=2m +1n=2n +1.

Ta cl: 4kxy —1|x™ +y™ = x(xml )2 + y(y“l)2 =N [4k;<)3(/y— J =1

Mat khéac theo trvong hop b) ta co :

o) s ) -0 =

Mau thuan.
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Vay gia thiét phan chirng la sai.

Bai toan 6. Cho s6 nguyén t6 p>3, p=4n+1. Tinh: S, = Z[\/E}

i=1
Loi gii:
Truwéc tién ta phat biéu va chirtng minh bo dé sau:
B6 dé: V6i p la mot s6 nguyén t6 1€ thi trong tap S ={12,..,p-1} c6

pT_l s6 chinh phuvong modp va pT—l s0 khdéng chinh phuwong
modp.
Chtng minh:

V&i mbi ieS, = {12'07_1} goi r €S la s6 (duy nhat) ma
i =1, (modp). Dé thay r, = rvi= j. Khi d6 tap hop
A= {ri reS)i’= ri(modp),i eSl} cd dung pT—l phan to.
Ta chirng minh rang A la tap tat ca sé chinh phuong modp trong S.
That vay, ré rang moi s6 thudc thudc A déu la sé chinh phwong
modp. Gid st a €S sao cho ton tai k €S thda man: a= kz(mod p)
NEu keS, thi a=r eA.
Néu k/ésl thi h=p-keS, vaas=s hz(modp):a: reA
B6 dé duoc chirng minh.
Tré lai bai toan.
DAt S = Z[@] Dé thay [\/E} —2n.
i=1
Cho x nhan lan lwot cac gia tri 1,2,...,n va voi moi x nhuw thé, twong

’ng ta cho y nhan cac gia tri: [ (x—l)p}+1,[4/(x—l)p]+2,...,[\/x_p}
Khi d6 dat r=r(xy)=xp-y* thi tacé re(0,p).

RO rang: -r=y* - xp =y’ (mod p) = (?rj =1



Virng vang nén ting, Khai sing twong lai

Ma p =1(mod4) nén (%j:l:(éj:l.

Nhan xét: cac sb r(x,y) doi mot phan biét.

That vay gid st : r(x,.y,) =r(x,.y,)

Suy ra: xp-y,’ =xp-y, = pl(y, =¥, ) (¥, +Y,)

Ma 0<y, +y, <2[\/E}:4n<p va -p<y,-y,<p nény -y, =0 hay
Y, =Y, X, = X,

Nhu vay ta c6 s6 cac s6 r(x,y) la:

N = XZ:‘([\/%] —[‘/(x —1)pD = [\/ﬁ} =2n = pT—l = s0 thang dv binh

phuwong modp trong tap {1.2,...p-1} (theo b de).
Do p=1(mod4) nén

(%j(%j = rpT_l.(p— r)pT_l = rpT_l_(_r)pT_l I - 1(m0d p) Suy ra

(-efez)

Ma rd rang r = p—r nén tap cac thang dv binh phwong modp trong

tap {1,2,...p—1} c6 thé phan hoach thanh pT_l c&p, moi cap co tdng

S

bang p. Suy ra: Y r(xy)= ;

Mat khac ta lai co :
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n [M} n [\/E}
2r(xy)= [ 2 r(X’y)} [ 2 (Xpyz)J
x=1 y:[\/(x_il)p}“l x=1 y:[\/w}rl
]

- p(—S+ n +1)[\/ED_ 2n(2n +1)(4n +1)

6
=—pS+2n(n+l)p—n(2n+l??(4n+1)(**)
N o (ew) ki Lo PpP-1
T (*) va (**), voi p=4n+1 tasuyra: s= ThE

Nhéan xét: Loi giai trén thyc sy an twong nhung ta déu nhan thay no
kha kh6 vé mat y twdng va su két ndi cac sv kién la hoi mat tu
nhién.Tuy nhién bang mot cach tv duy don gian hon va st dung
nhuan nhuyén cac tinh chit cia ham phan nguyén ta cé thé di dén
l01 gidi sau :

Loi giai 2:
Gia st P la ménh dé nao do, ta dva vao ky hiéu sau :
(P} {1 né’}1 P 12 ménh dé\ ding
0 néu P 1a ménh dé sai
T dé voi moi iez1<i<n taco:

[\/E}z Z{xg ip} = Z{xz < ip}

xeN xeN

Vii<n nén ip<np. Do dbé néu x>2n+1 thi
x22(2n+1)2:4n2+4n+1>n(4n+1)=np2ip

Suy ra: Z{xz < ip} :i{x2 < ip} = Z(l—{x2 > ip})

xeN x=0 x=1

:2n—§{x2 Zip} _on-S {i < 2}

x=1 x=1



[N

o
Nhuv vay ta chi can tinh tong T = i{%} vGi p la mot s6 nguyén tb co
k=1

dang 4n+1.
Tinh chat co ban : Cho a,b la hai s6 thuc théa man
(a+b)eZ,ang. Khi dé ta co : [a]+[b] —a+b-1.
Xét bo dé sau : Cho p la mot sd nguyén t6 c6 dang 4k +1 va m la
mot s6 nguyén duwong nguyén té cung nhau véi p. Khi do ta c6 :
Eimi’| Emi* p-1
ZH X
Ch&rng minh :
Do p la mot s6 nguyén t6 c6 dang 4k +1 nén véi moi ie{12,.,p-1},

ton tai duy nhat je {1,2 ..... p—1},j =i sao cho i’ + " =0(modp). Nhu
vay tap {1,2,...,p—1} duwoc phan hoach thanh pT_l cdp nhu thé. Khi
do v6i chd y (m,p) =1, &p dung tinh chét trén, ta dugc :
{m_lz}+ _mjz} _mi’ . mj’ 1

p| | p P P

Suy ra:

R R et




Ap dung b6 dé voi m =1 ta duoc :

pi{k—z}pik—z—p’h (P-Yp(2p-1) p-1_(p-1)(p-2)

P k=1 P 2 6p 2 3
Mat khéac ta lai cb :

S48 2 -] B

k=1

= 2T+ p<p2_1) _(p—1)4(p+1 — 2T+ (pj)z

Do do:

2T+(p41)2 _ (p—l)z(p—Z) T (p—llgp—f’)

VayM =2n? - T = 2n’ —(p_llgp_s) zz[p;1j2 _(p—llgp—S) = pzlgl

ChU ¥ réng két qua T = (p_llgp_S) voi p =1(mod4) chinh la t6ng quat
p-1

n e & | k2 .
‘nho’ cla VietnamTST2005 bai 5b), bai do yéu cau tinh P = Z{—} Vi
k1| P

~ p-1)(p-5
p =1(mod8) ciing cho P:( gg )

Bai toan 7.

a) Chirng minh rang s6 2" +1 khong c6 wéc nguyén t6 dang 8k —1.
b) Chirng minh rang v&i moi s6 nguyén duong n, s6 2° +1 co it
nhat n wéc nguyén té cé dang 8k + 3.

Loi gidi:

a) Gia s rang ton tai s6 p nguyén t6 c6 dang 8k —1 sao cho

p| (2” +1).



2
NEu n chan, ta cd: -1= (ZZJ (modp) = [_Fl] =-1=p=1(mod4). Méu

thuan.
Néu n 1é, ta co :

s 3)-(g

(do p= —1(mod8)). Vo ly.
Vay s6 2" +1 khong c6 wéc nguyén t6 dang 8k —1.

b) T chirng minh trén ta nhan thay : néu n 1é thi 2" +1 khéng cé
wéc nguyén td dang 8k +5.

Nhu vay moi wéc nguyén td clia 2° +1 déu dong dv 1 hodc 3 mod8.
Taco: 2" +1=(2+1)(2°-2+1)(2* - 2° +1)...(22-3”‘1 " +1)

Pat s =2** -2° +1, 1<i<n-1

Ta s& chitng minh rang : vi<i<j<n-1 thi ged(s,s,)=3.
Déyrang s, =1-(-1)+1=3(mod9) = 3||sVi

Goi p la mot s6 nguyén t6 chia hét gcd(si,sj). Khi dé

ji-1

pls, |(23‘” +1) = 2¢ = (23‘” )3 = (1) =-1(modp)
=0=s=2""-2"+1=1-(-1)+1=3(modp) = p=3

Vay gcd(si,sj) =3 Vi<i<j<n-1

Bay gio lay ie{12,..,n-1}. Néu moi udc nguyén t6 clia s (trlr 3)
déu c6 dang 8k +1 thi s =3(mod8) (chd y rang 3|svi). VO ly.

Do vay mdi s, d8u c6 it nhdt mot wéc nguyén té p. dang 8k +3 ma
p, #3. Do gcd(si,sj) =3 nén p #pvi<i<j<n-1.

Suy ra 2* +1 c6 it nhat n wéc nguyén t6 dang 8k +3 la :
3PP, P, ;-



Bai toan 8. Chlng minh rang ton tai vo han s6 nguyén dwong n sao
cho n?+1 ¢6 wéc nguyén t6 1on hon 2n ++/10n

Loi giai:

Xét p la mot sd nguyén t6 c6 dang 8k +1, khi dé -1 la s6 chinh
phuong modp, hay phuong trinh dong du x* = —1(mod p) c6 hai
nghiém thudc [1,p—1], ta goi hai nghiém dé 1a x,x, Véi

1< X sp_l
! 2

<X, <p-1.

p-1

Chon n=x,. Khidotacod p|n®+1n< 5

Ta sé chirng minh rang: p > 2n++2n.

p-1
2

nén ta dat n:pT_l—l, os|<pT_1.

That vay do 1<n<

Do n® = —1(mod p) nén

(DT—l_ T = ~1(modp) = (p~1-21)+4 =0(modp)

2 * 2
Suy ra: (2I+1) +450(modp):>EIreN :(2I+1) +4=1rp.
ma (2 +1) =41(1+1)+1=1(mod8) = rp = 5(mod8)
Suy ra: rES(modS):r25(2l+1)2+425pz>l2%(\/5p—4—1)

Pit 5p—4:u—>I2%(u—1), ta co

L R LR

N

U2 -5u+4-10n20= (2u-5) 2400 +9=>u>> ( \/40n+9)
Mat khac do n<= (p u) nén

p22n+u22n+%(5+\/40n+9)>2n+ 10n.

Do c6 vb han s6 nguyén t6 cé dang 8k +1 nén bai toan duoc chirng
minh.



Nhan xét: V6i bai toan trén ta da c6 mot tong quat cho bai toan
sau: Xét ménh dé : P(n): n®+1 chia hét n! . Chirng minh rang ton
tai vo han s6 nguyén dwong n sao cho P(n) dang va ciing tén tai vo
han s6 nguyén duong n sao cho P(n) sai. (Romania National
Olympiad 2008).

Bai toan 9. Tim tat cd cac sd nguyén duong n sao cho

(2” —1) | (3” —1).

Loi gidi:

Ta sé chirng minh réang n =1 nghiém duy nhéat cla bai toan.
That vay gia st ton tai s6 nguyén n>1 sao cho 2" -1|3" -1.

Khi d6 ré rang 3/(2” ~1) nén n I&, do do:
n>3=2"-8=8(2""-1)i43=12=2"-1=7(mod12)

Suy ra 2" —1 c6 it nhat mdt wéc nguyén t6 p cé dang 12k +5 hoac
12k + 7.

Hon nira ta lai co:

n+1 2

pl(2"-1)](3"-1)=3= (32J (modp) = (%} =1= p = +1(mod12) Mau

thuan.
Vay n =1 la sd6 nguyén duong duy nhat théa man.

Bai toan 10. Cho P(x) va Q(x) la hai da thirc hé s6 nguyén, nguyén
t6 cung nhau trén Q. Gia st rang v&i moi n e Z thi P(n),Q(n)
nguyén duong va 22" —1 chia hét 3" —1.

Chiing minh rdng Q(x) la mét da thirc hang.

Loi giai:

Do P(x),Q(x) e Z| x| va nguyén t6 cing nhau trén Q[x | nén ton tai
cac da thic u(x),v(x) e z[x] va s6 nguyén dwong d sao cho:



P(x)u(x) +Q(x)v(x) =d= gcd(P(n),Q(n)) <dvneZ

Gia s Q(x) khdng Ia hang s6. Khi d6 day {Q(n)|n e z} khéng bi
chan, ma ta lai c6 Q(n) e N'Vn e Z nén degQ chan va hé s6 bac cao
nhét cla Q(x) duwong. Tl d6 ta cé thé chon m e Z sao cho :

M =29 1> 3maX{P(0)’P(1)~P(2) ----- P(d)]

Taco M=2%" _q)3°" -1 (*) nén (M,2) =(M,3) =

Goi a,b tuwong tng la bac cta 2,3 modulo M. Tw (*) ta suy ra
a| Q(m),b | P(m) = gcd(a,b) < gcd(Q(m),P(m)) <d

Dét ged(a,b) =s. Khi d6 ton tai cac s6 nguyén x,,y, sao cho

s =ax, +by,.

Do 1<s<d néntbntai keN,0<k<d saocho s=d-k.

Ta sé chirng to rang ton tai cac s6 nguyén x,y sao cho:
0<m+ax+by <d. That vay chon x = tx,,y = ty,.

Ta cé :OSm+ax+bysd<:>O£m+t(ax0+by0)sd hay

O<m+t(d-k)<d< My d-m
d-k d-k
Do 9=M_-M __d -4 nenton tai s6 nguyén t théa man.

d—k d-k d-k
Nhan xét trén dwgc chirng minh.
Ta cé Q(x) eZ[x] nén :
Q(m +ax) =Q(m)(moda) =2
hay M |29 _1)3Pm=) g
Tuong tv , ta co :

P(m +ax +by) = P(m +ax})(modb) = gPimeacty) _ gP(mea) 1(modM)Suy
ra ;M < 3P @) 1 < gmaPOPO-PE] g oo o _ g Vg Iy

Vay Q(x) = Const.

Q(m+ax) 2Q(m)

1(mod M)



Bai toan 11. Cho a,b la hai s6 nguyén duong thod man ab khong la
s6 chinh phwong. Chirng minh réng ton tai vé han s6 nguyén dwong
n sao cho (a"-1)(b" ~1) khong la s6 chinh phuong.

Loi giai:

B6 dé : Cho a la mdt s6 nguyén dwong khong chinh phuong. Khi d6
ton tai v6 han s6 nguyén td p sao cho a khong la s6 chinh phuong
modp.

Ch&rng minh :

Do a la mot s6 nguyén duwong khéng chinh phuvong nén ta dat :
a=b’c, trong d6 beN',c=qq,..q,(m>1), v6i g, nguyén t6, doi mot
phan biét.

Khi d6 voi mbi s6 nguyén t6 1¢ p ma (p,a)=1, tacé :

a b%c c Tl q,
3)-05%)-()-1%
Xét cac kha nang sau :
1) q, 1é
Chon r,r,...,r, thoa méan r, khong la sb6 chinh phrong modq, va r, la
s6 chinh phwong modg, v&i moi i=2,...,m.
Theo dinh ly thang du Trung Hoa, ton tai s6 nguyén p, théa méan:
{po =r.(modq, ) Vi = 1,2,...,m(|)

P, = 1(mod4)
Dé thay (po,qi) = (p0,4) =1vi=12,..,m= (p0,4q1q2...qm) =1
Ma ta c6 p =p, +(49,0,..0, )t cling la nghiém cda (1) véi moi teN.
Nhwng theo dinh ly Drichlet, ta c6 thé chon duwoc vd han t sao cho
p la s6 nguyén t6, hay ton tai v6 han sé nguyén t6 p thoda

) {p =r,(modq,)vi=12..,m
man.:
p= 1(mod4)



suv ra: | P |- -1, khii=1
Y q, q 1, khii=2,....m

Do p= 1( nen theo luat tuong ho Gauss, ta
cé:[ﬂlz[ijwzl,z,...,m
o P
Suy ra: E)zm &)zm[ﬂjzl
v (315 1S

2) q,=2
Chon r. 1a s6 chinh phueng modp, v&i moi i=2,...,m
Tuwong ty ta c6 vd han s6 nguyén td p théa man:
{p =r(modgq,)Vi=2,.,m

p =5(mod8)

Suy ra: (B] = (L} =1Vi=2,....m
q, g,

Do p =5(mod8) nén p=1(mod4):>{%}=[q£J:1Vi =2,..,m

Ma [%} - [é] - (_1)ng_l =-1 (do p=5(mod8))

Suy ra: (%) = ]ml[(%j =-1.

B6 dé duwoc chirng minh.
Trd lai bai toan.

Theo gia thiét ta c6 ab khong la s6 chinh phuong nén theo
c6 ton tai vO6 han s6 nguyén té p sao ChO:[Fbj =-1= (E](

TUr dé khong mat tinh tong quéat ta co thé gia su: (%J =1, (Ej

p-1

Hay apZ_lzl(modp) > =-1(modp)

p1
2

Suy ra: p khong chia hét b 2 —1. Xét cac kha nang sau:



-1 -1 -1 -1
Khi d6 v, ((a —1J(bp2 -1]] 18, do d6 [apz 1}(& 1] khong 14 s6

chinh phuong.
2) v, [apz —1] chan (> 2).

p-1 p-1
Theo dinh ly vé s6 mii ding ta co: v, (a 2" —1] =V, [a 2 —1]+1 la

p-1
2

mot s6 1&. Hon nira ta lai ¢6 : b2’ -1=(-1)" ~1£0(modp)

Pl Pl , , 1, P, ~ \
Suyravla? -1jb? -1/|1¢, dodd|a? -1| b2 -1|khongla

sO chinh phuong.
Chu y rang mot trong hai kha ning sé xay ra véi vo han p.

Van dé mé rong: Cho a,b la hai s6 nguyén duong phan biét > 1,
chitng minh rang ton tai s8 nguyén duong n sao cho (a" -1)(b" -1)
khong la sé chinh phuong.

Nhan xét: Bo dé duoc phat biéu va chitng minh trong loi gidi trén
thuc sy tot va c6 nhiéu (ng dung dé giai cac bai toan “dep” vé
thang duv binh phuong. Sau day la mot s6 vi du minh hoa.

Bai toan 12. Cho f(x) la mot tam thiic bac 2 véi hé s6 nguyén thoa
man v&i moi s6 nguyén t6 p déu ton tai it nhat mot sé nguyén n
sao cho p|f(n). Chitng minh rang f(x) c6 nghiém hiu ti.

Loi giai:

Pt f(x) = ax? +bx+c(a,b,c eZ).

RO rang ta chi can chirng minh rang : b? —4ac la s6 chinh phuong.



Lay p la mot s nguyén t6 bat ky, theo gia thiét ton tai s6 nguyén

n sao cho :

p|f(n) <> an®+bn+c=0(modp) < b’ -4ac = (2an + b)2 (mod p)

b? — 4ac
P

chinh phuwong.

Do vay f(x) cé nghiém hitu ti.

Do do: ( J: 1.Khi d6 theo b0 dé bai 11 ta c6 b? -—4ac la so

Bai toan 13: Gia str rang a,,a,,...,a,,, la cac so nguyén khong am

théa mén: al +a) +...+a}, la s chinh phwong véi moi s6 nguyén

duong n. Tim s6 nhd nhat cac s6 bang 0 trong cac s a,.a,,...,a

Loi giai:

L&y s6 nguyén t6 p > N = max{2004,a, |i=12,..,2004} va ldy n=p-L1.
2004 2004

Khi d6 ta c6: Y a" = a"* =k(modp), trong d6 k la s6 s6 hang cla
i=1 i=1

khong chia hét cho p. Theo trén ta c6 0 <k <p. Ma

a2004

Y a! la s6 chinh phuong nén ta co [Ej =1 Vvp nguyén td 16n hon N.
p

i=1

Ap dung bd dé bai 11 ta dwoc k 1a s6 chinh phuong.

Pat k=1IP=1°<2004 = | <44 = k < 44° =1936.

Do d6 c6 it nhat 2004 -1936 = 68 sO bang 0 trong day a,,a,,...,a
Mat khac ta xét ddy: a = m? Vi=1,1936 ; a. =0 Vi = 1937,2004.

Khi d6 3 a" =1036(m?)" = (44m")’.

Vay 68 la gia tri nho nhat can tim.

Bai toan 14. Cho a,b,c la cac sd nguyén va p la mot s6 nguyén té 1é
>3. Ching minh rang néu f(x) =ax’ +bx + ¢ la s6 chinh phuong tai

p7+5 gi tri nguyen lién tiép cia x thi p|(b® —4ac).



Loi giai:
B6 dé 1: Cho f(x) la mot da thirc hé sd nguyén cd degf = k. Dat

r :T_' va f(x)r =a,+aXx+..+a x“. Khi do ta co:

Chirng minh:
bat s_= IDZ_ix”,(n € N).
x=0

g
Il |
o [

Dé thdy s, =p, s, =p-1=-1 (modp) véi n>0 va p-1|n.
Xét n>0 vy n/(p—l), ta goi g 1a mot can nguyén thay cla p, khi dé
{g,gz,g?’ ..... gp‘l} = {1,2 ..... p—l}(mod p) ght = (mod p) va g" —1£O(mod p).

- - i n(p-1)

Suy ra:sn:plx Eplg”' g”pz( ) =qg". gg llso(modp).
x=0 i=1 i=0 -

ey s -1 (modp) khi n > 0, n.(p—l)

Yo = 0 (modp) khin=0 v n >0, n/(p—l)

Do dé

p-1 f(x) _p—1.r r_p—l ) kr

2| =X_O( (x)) _X_O(a0+alx+...+aer )—;aisi

= —(ap_l Ty et a|(p_1))

B6 dé 1 dwoc chirng minh.

B6 dé 2: Cho a,b,c la cac sd nguyén bat ky va p la mot sd6 nguyén
td khong chia hét a. Khi dé ta co:

—(Ej khi b? —4ac/p

pi ax’+bx+c)_| (P
x=0 p

(p —1)(%] khi b? — 4ac:p

Chtng minh. Ta co:



Rt xz—D] IDl(ax2+bx+c] (ajpl(xz—D]
X=0 P =0 P P /x=o P

Pat S:Z[X -b| Ap dung b6 dé 1 cho f(x)zxz—D ta duwoc:

=0
=—(a,,)=-1(modp), ma [s|<p nén Se{-1p-1}.
Néu s =p-1, thi cé duy nhét mot s6 x, € {0,1....p—1} sao cho
(xz—DJzoj pl(xg—D)
Y p|((p—x0)2—D)
Suy ra néu x, =0 thi (p-x,)e{0,1...p—1} va (p-x,) = x,. Mau

thuan tinh duy nhét clia x,. Do dd x, =0=p|D.

p-1 2
Nguoc lai néu p|D, suy ra S:Z(%j: p-1.

B6 dé 2 dwoc chirng minh.

Trd lai bai toan.

Gia st rang ton tai s6 nguyén x, sao cho:
f(%, ), F(X,+1),... f(x +pTJ déu la s6 chinh phuong. Xét cac kha
nang sau:

1) a chia hét cho p.

Néu b khong chia hét cho p thi tap {bx+c: X =X, X, +1...,X, +

la mot hé thang duv khong day dui modulo p gém pTJFS phan tr ma




f(x) = bx+c(modp) nén tap {f(x): X =X, X, + 1, X, + p;?’} cling la

mot hé thang dv khdong day di modulo p gébm pT’LS phan tr

nhuwng rdé rang mot s6 chinh phuong chi c6 thé dong duv véi ding
2

mot sO trong pT’Ll sO la 02,12,...,('07_1J . Nhuv vay ta cé diéu mau

thuan.

Do d6 b chia hét cho p. Vay p|b®-4ac.

2) a chia hét cho p.

Gia sir rang: p khong chia hét b? - 4ac.

-1 2
Khi d6 theo b6 d? 2, ta cé:pZ(aX *bx“) - _(ij.

x=0 p p
Xq+p-1 2 p- 2
suy ra: Z ax“+bx+c _ ax“+bx+c :—[EJSL
X=X, p x=0 p p
Mat khac dé dang thdy rang khong ton tai 3 s6 nguyén phan biét
Xy Xy Xy € (XX + 1.0, X, + P =1} 580 cho (ax? + bx; +c)ipVi=12,3 nén

X, +p-1 2
Z [ax +bx+cj2(p+5_2j_(p_p+5
X=Xo p 2 2

Chu y riang: Day 1a mot mé rong kha manh cta bai IMO Shortlist
nam 1991 do Polish dé nghi nhu sau:

Cho a,b,c la cac s6 nguyén va p la mot sd6 nguyén t6 Ié. Chiing
minh rang néu f(x) =ax’ + bx + ¢ la s6 chinh phuong tai 2p -1 gia tri

= |

j - 3>1. Mau thuan.

nguyén lién tiép clia x thi p|(b® - 4ac).

Bai toan 15. V6i moi s nguyén a, hay tinh s nghiém (x,y,z) clia
phuong trinh dong du: x* +y* +2* = 2axyz (mod p)

LOi gidi:

Taco:



Virng vang nén ting, Khai sing twong lai

X*+y*+7° = 2axyz(mod p) (z axy) = (a’%? —1) y> —x° (mod p) (1)Suy

ra v&i moi cap x,y c¢6 dinh thudc tap { P — 1} thi s6 nghiém
2

2 2
ze{0,1,..,p-1} théa man (1) la: 1+[ t))y X J

Do vay s6 nghiém cla phuong trinh x* +y* +z* = 2axyz (modp) la:

N o plpl[(azxz—l)yz—sz
=p°+

=0 y=0 P
Xét cac kha nang sau:
1) a chia hét cho p.
Khi d6 &p dung bd dé 2 Bai 14 ta co:

p-lp-1( _ 2_X2 -1 p-1 p-1
s B (R
1 1

'C

©
X

Il
o

=0y

-1 = (1 -1
e (e | (R
2) a khong chia hét cho p.
Dé thay ton tai duy nhét cac s6 nguyén x,,x, €{1,2,...,p -1} sao cho:

{axlzumodp)

=pla’x’ -1, p|a*x’ -1
ax, = —1(mod p) ' ?

Do vay p khéng chia hét 4x? (azx2 —1) VX e{ Ve P — 1}\{O,x1,x2}

TU d6 ap dung bo dé 2 Bai 14, voi cha y [%) =0 néu a:p, ta duoc:

W: www.hoc247.net  F: www.facebook.com/hoc247net  T:098 9627 405




Bai toan 16. Chirng minh rang véi moi sé nguyén dwong n, déu ton
tai cac s6 nguyén >1, déi mot nguyén té cung nhau: k,k,....k_, sao
cho: kk,..k -1 la tich cda hai s6 nguyén lién tiép.

Loi giai:

B6 dé: Cho p la mot sd nguyén t0 cé dang 3k +1. Khi do ton tai s6
nguyén duong r sao cho p|(r*+r+1).

Chiing minh: p la mot s6 nguyén t6 c6 dang 3k +1 nén p =1(modé),
suy ra -3 la s6 chinh phwong modp, hay ton tai s6 nguyén duong x
sao cho: (x + kp)2 =-3(modp) vk e N.

RO rang toén tai k e N sao cho:x +kp = 2r+1,v6i r nguyén dwong nao
do. Suy ra: p|(2r+l)2+3 :4(r2 +r+1):> p|(r2+r+1).

Trd lai bai toan.

V6&i moi s6 nguyén duong n, rd rang ton tai cac s6 nguyén td doi
mot phéan biét p,,p,,...,p, co dang 3k +1.

Khi dé theo b6 dé ta goi r,r,...,r. 1a cac sé nguyén dwong théa mén:
p, |(ri2 +r +l) Vi=0,1,...,n.



Theo dinh ly thang duv Trung Hoa, ton tai s6 nguyén duong a théa
man:a = ri(mod pi) Vi=0,1...,n
Suy ra: pp,..p, |(a2 +a+1)
V&i moi i:1<i<n, |8y k, 14 10y thira I6n nhat cta p, chia hét
a’+a+1
1"'kn .
Khi d6 rd rang k,,k,,....k d6i mot nguyén té cung nhau va
kk,..k -1=a’+a= a(a+1)

a’+a+1vadat k, =

Nhan xét: Bang cac tinh chit cla Thing du binh phuong va dinh ly
Thang dv Trung Hoa ta da cho mot loi giai dep véi bai toan trén.
Tuy nhién dé dang nhan thdy y tudng trén chi nham muc dich dwa
vé két qud sau:

Pat f(x) =x? +x +1. Khi do6 ton tai vé han s6 nguyén t6 p sao cho
phuong trinh dong du: f(x)=0(modp) c6 nghiém.

Ta chirng minh két qua nay.

Gia sir ta d& c6 m sb6 nguyén tb thoa mén la: p,,p,,....p, .

Theo dinh ly Thang du Trung Hoa ta tim duwoc s6 nguyén duwong b
sao cho:f(b)=0(modp,) Vi=12,...,m.

Ta co: gcd(f(b),f(b+1)) = god(b® + b +1,b* +3b +3) =1

Ma f(b+1) > 1 nén né c6 mot wéc nguyén t6 p, , ma

p...,#Pp Vi=12...m.Dpcm.

Ta c6 két qua tdng quat: Cho da thirc hé s6 nguyén f(x) khac hang
s0. Khi d6 ton tai vé han s6 nguyén td p sao cho phuong trinh dong
du: f(x)=0(modp) c6 nghiém.

Hién nhién voi két qua nay bai toadn ban dau cla ta c6 thé dugc mé
rong thanh tich ctia k s6 nguyén lién tiép, véi k la s6 nguyén duong
tay vy.



Bai toan 17. Cho céac sd nguyén duong m,n thod man:
(m + 3)n +1
3m

Loi giai:

la s6 nguyén. Chirng minh rang A Ié.

Néu m Ié thi (m+3) +1 &, suy ra A Ié.

NEu m chan thi do A 1a s6 nguyén nén

0=(m +3)n +1=m"+1 (mod3) = gcd(m,3) =1

suy rain=2k+1, m= —1(m0d 3).

Ta xét cac kha nang sau:

1) m=8m, m, e N". Khi do ta co:

(m+ 3)n +1=3"+1=3%"+1=4(mod8) va 3m, = 0(mod8).mau thuan
vOi A la sd nguyén.

2) m=8m,+2 v 8m +6, hay m= 2(m0d4). Khi do ta co:

(m +3)n +1= (2+3)n +1= 2(mod4) va 3m = 2(m0d4). Suy ra Alé.

3) m=8m, +4. Khi d6 do m =-1(mod3) nén m, =-1(mod3), suy ra
ton tai s6 nguyén to p la wéc cia m, sao cho p = —1(mod3). Do A la
sO nguyén nén

0=(m+3) +1=3"+1=3*"+1(modm) = 3™ = —1(modp)

hay -3 = (3“)2 (modp) = (FJ =1=p=1(mod6), mau thuan.

Bai toan 18. Chirng minh rang khong ton tai cac s6 nguyén dwong
a’ +b® +c?

a,b,c sao cho
3 (ab +be+ ca)

la m6t s6 nguyén.

Loi gidi:
Gia sir rang ton tai cac s6 nguyén duong a,b,c,n sao cho :

a’ +b? + ¢ =3n(ab+bc+ca)<:>(a+b+c)2=(3n+2)(ab+bc+ca)



R0 rang phai ton tai mét uwdéc nguyén td p cla 3n+2 sao cho
pEZ(modB) va vp(3n+2) |&. Ta gia st p** ||(3n+2), i e N nao doé.
Ta co :

(3n+2)|(a+b+c)2:>p2“1|(a+b+c)2:>p‘|(a+b+c)
<:>p2‘|(a+b+c)2:>p|(ab+bc+ca):>p|(ab+c(a+b))
<:>p|(ab+(—a—b)(a+b)) (dop|(a+b+c))
<:>p|4(a2+ab+b2)=(2a+b)2+3b2:(?)zl:pzl(modG)

Mau thuan.

Nhan xét : Bay la mot bai toan kha c nhung vira réi no lai xuat
hién trong ky thi Iran TST 2013 : Tim tat cac s6 nguyén duwong
a,b,c thoéa man :

a’ +b? + ¢’ chia hét cho 2013(ab + bc + ca).

Bai toan 19. Tim tat ca cac s6 nguyén duwong k théa man véi k sb
nguyén to6 1é dau tién p,p,,...,p,, toN tai cac s6 nguyén duong a,n
(n>1) sao cho: pyp,..p, =a" +1.
Loi gidi:
Gia str k la s6 nguyén duong sao cho ton tai cac s6 nguyén duong
a,n (n>1) théa man: pp,..p, =a"+1, Véi p,p,,...p, la k s6 nguyén
to 1& dau tién. Xét cac kha nang sau:
1) n chan. Ta co

2
_1=(a2J (modpi) Vi =1,_k:>[;—1J:1 Vi =1,_k:>(_?1j:1. Vo ly.
2) n |é.
Gia st ton tai i e {1,2,...,k} sao cho p. |n.

n \Pi
Khi d6 ta co:p, |a" +1:{ap'} +1



n o n
Ma theo dinh ly nhd Fecma ta co:p, |[ap} —a" = p |a” +1

n

n \Pi n
v, [ap} +1 =vpl(ap'+1}+Vpl(pi)22:>pi2|a”+1

Do do: v, (a” +1)

Suy ra: p; | p,p,--p,- VO Iy vi cac p, nguyén td doi mot phan biét.
Két hop voi n 18, n>1 ta suy ra tat ca cac wéc nguyén to cla n déu
l6n hon p,. Do d6 n>p,. Gia st a khong c6 woc nguyén to 1é thi
a=2"meN =pp,.p =2"+1
Néu m chan thi (_—1] =1vi=1k. Vo ly.

P,

mn-1

Néu m Ié, ta co: 2x* +1= O(modS) (vi dé thdy k>2 ), v0i x =2 2

Suy ra: x* = 2(mod5) = (%} =1. VO ly.
Vay ton tai p nguyén t6 1é sao cho p|a ma (a,p,)=1Vi= 1,k nén

P>Py-
Suy ra: pp,..p, =a" +1>pXx. VO ly.
Vay khong ton tai s6 nguyén duong k théa man bai toan.

Bai toan 20. Cho s6 nguyén duong a. Xét day s6 nguyén {x | xac

dinh boi: x, =a, x_, =2x_+1vn>1. Dat y =2%-1. Tim s6 nguyén

1
dwong k 16n nhét sao cho ton tai s6 nguyén dwong a @€ y,,y,,....y,
déu la sd nguyén to6.

Loi gidi:

Nhan xét 1: Néu 2™ —1 la s6 nguyén td thi m ciling phai la s6 nguyén
to.

Nhéan xét 2: Néu p la sd nguyén t6 c6 dang 4m+3 va q=2p+1
cling la mot sd nguyén t6 thi q|2° -1.

Chirng minh:



Theo dinh Iy nhd Fecma ta c6: q 29" —1=2% —1:(2p —1)(2p +1)
Goi o =ord_ (2)= a|2p = o< {2,p,2p}.
Néu a=2=q|2°-1=3=qg=3=p=1. VO ly.

p+l _
N§Uc>c:2p:>q/2"’—1:>q|2p+1:>—25(22 (modq) hay [—ijl
q

nhung g=2p+1=8m+7. VO ly.

Vay a=p=q]|2°-1.

Tré lai bai toan.

V@i k=2. Chon a=2 ta dugc y, =2,y, =31y, = 2047 = 23.89.

Gi& st ton tai k >3 sao cho ton tai ae N théa mén vy,y,,....y, déu
la s6 nguyén t6. Khi d6 theo nhéan xét 1 ta co x,,x,,...,x, cting la so
nguyén t6. Noi riéng y, la sé nguyén td nén theo trén ta co: a >3
ma a =x, nguyén tdé nén a I, suy ra x_= 3(mod4) vn> 2,

Ta c6: x, = 3(mod4),x, =2x, +1, X,,x, Nguyén t6 nén theo nhan xét 2
ta co: x, |2% -1 nhuwng 2 -1=y, la s6 nguyén td nén
X,=2"-1=>4a+3=2""-1. VO ly vi a>3.

Vay k =2 la gia tri Ién nhat can tim.

u, =1,u2 =11
u ., :un+l+5un vneN

n+

Bai toan 21: Cho day {u,} " xac dinh bé’i:{
Chirng minh rang u_ khéng la s6 chinh phuong v6i moi n> 3.
Loi giai:

Truwdc tién bang quy nap ta chirng minh duoc rang: voi moi s6
u vkeN".

nguyén duong n ta c6: u_, = —(—5)kun +u_ U,
Tiép tuc ta chirng minh bang quy nap cac két qua sau:
Ugrs = Ugir = —1(mod4),u,, =2(mod4) vk e N.

Véi k =0, dé thay dung

Gia slir dung voi k. Xét voi k+1 , ta co:



Ugiirsy = Ysers = 110, = 25U, , = ~11+25 = 2(mod 4)

k+1) 6k

=u =11u

6k+8 6k+6

= lluﬁk+8 - 25u

- 250, , =11.2+25 = —1(mod 4)

u6(k+1)+2

o =-11-252= —1(mod 4)

u6(k+1)+4 = Ugii10 6k
Nhv vay két qua trén cling ding véi k +1.

Do d6 u, khong la s6 chinh phueng véi moi ne N.

Ta sé chitng minh u,_ , khoéng la s6 chinh phwong véi moi ne N".
That vay gid st ton tai m e N',m = 1(mod 4)sao cho u_ la sd chinh

phuong.

Dit m=1+3"2k reNkeN,2|k3[k. Ta co:

m = Ya _(_5)k u1+(3f—1).2k = (_5)2k u1+(3f—2).2k == _(_5)3 k !
—(—5)3”( (mod uk)
Goi p la mdt uéc nguyén t6 bét ky cla u, = (p,5) =1

(u,.5)=1VneN)

c

\

(vi
Taco: u_ = —(—5)3rk(mod p) ma k chan, u la s6 chinh phuong nén

(_Flj =l=p= 1(mod 4) =u, = 1(mod 4). VO Iy vi k chan nén

u, =12(mod4).
Ta sé chitng minh u, . khong la s6 chinh phuong véi moi ne N
Théat vay gia st ton tai me N, m = S(mod 4)sao cho u_ la s6 chinh

phuong.
Dit m=3+3.2k reNkeN',2|k3fk. Ta co:

k 2k 3k
Uy = u3+3f.2k = _(_5) u3+(3’—1).2k = (_5) u3+(3f—2).2k == _(_5) U,

= —16.(—5)3rk(mod u,)
Goi p la mdt uéc nguyén t6 bét ky cla u, = (p,5)=1(p.2) =1



(Vi (u,,5)=1VneN va 2|k3fk = k=24(mod6) = u, I&)
Taco: u_ = —16.(—5)3rk(mod p) ma k chan, u la s6 chinh phuong nén

(_Flj =1l=>p= 1(mod 4) =>u, = 1(mod 4). VO Iy vi k chan nén

u, = 1,2(mod4).

Vay u_ khong la s6 chinh phwong véi moi n > 3.

Bai toan 22. Cho hai ham sb f,g: N" — N° thod man déng thoi:

i) g la toan anh.

i) 2f(n)2 =n’ +g(n)2 vneN

Chirng minh réng néu ‘f(n)— n‘ <2013Ynvn e N* thi f ¢ vo s6 diém
bat déng.

Loi giai:

Theo dinh ly Dirichlet, ton tai ddy v6 han cac s6 nguyén t6 (p,) Vi
p, c6 dang 8k +3.

Vi g la toan anh nén ta tim duwoc day v han cac s6 nguyén duong
{x,}" saocho g(x, )=p, vn.

Theo digu kién ii) ta co: 2f(x, ) =x2 +g(x,) =x2 +p2 =x2 (modp,)
Do p, =3(mod8) nén 2 la s6 khong chinh phurong modp,

Suy ra : f(x,)=x, =0(modp,).

Do d6 ton tai 2 day vo han cac s6 nguyén dwong {a |

n=1

,{bn}[::1 sao

X =ap
cho:X " """ vn=12,..
{1‘(xn):bnpn

s ) b yal+1
Khi d6 ta co : 2b’p? =a’p? +p> > 2b> =a’ +1=> =11

an B \/Ean

DPEé y rang limx_ = +o.



Theo gia thiét ta co :

f 2
‘f(n)—n‘£2013\/ﬁ _, 2018, (X”)—lzﬁ—lzi L+l
\/Z X_ a NZAE
a2 1 2013
Suy ra: 0<lim n— —1<lim——=0
7 I
2
Do do: lim |- :\/§:>Iiman:1
a

Ma (a,) la ddy vo han gdm cac s6 nguyén duong nén
AN, eN :a =1vn2N,=b =1VnxN,.
Do vay : f(p,)=f(x,)=p, ¥n=N,, tlc la ham f c6 vd s6 diém bat

dong.

p-1( )
Bai toan 23. Cho p la mot s6 nguyén 6 Ié va dat: f(x) = Z(éjx"l
i=1

a) Chirng minh rang f(x) chia hét cho (x-1) nhung khong chia hét
cho (x —1)2 néu va chi néu p=3 (mod4).

b) Chitng minh rang néu p=5 (mod8) thi f(x) chia hét cho (x—l)2
nhung khong chia hét cho (x—l)g.

Loi giai:

p-1 p-1

a) Do f(x) = Z(é}(il nén f(1) -

i=1

(é =0 (V6i p l1a mot s6 nguyén

i=1

t6 18 thi trong tap s={12,...p-1} ¢C pT s6 chinh phwong modp

va %1 sd khong chinh phuvong modp —B6 dé bai 5a). Suy ra f(x)
chia hét cho (x-1).

Ta co:



()7 (pf (1)- Z'&D (<0)7 1)
Néu p =1(mod4) thi theo trén ta c6 : f'(1)=—f'(1)=f'(1)=0 ma
f(1)=0 nén f(x) chia hét cho (x—l)z.

Néu p 53(m0d4), véi cha y (p

j =1(mod2) Vi=12,...,p-1,ta co:

f'(l):pii(%] 5 :Mﬂ(mmz):f-@);ﬁo

i=1 i=1

Ma f(1)=0 nén f(x)i(x-1) nhung f(x)/(x—l)z.

Nhu vay f(x) chia hét cho (x—1) nhung khong chia hét cho (x—l)2

néu va chi néu p=3 (mod4).

b) Ta nhan thay rang :

(1) = E(i—l)(i—z)(%j (i —3i+2)(éj
:Ei{%j—szfi[éjuf(l) =§i{%}—32i(%} (do (1) =0)

Gia sir rdng p =5(mod8). Khi d6 theo cau a) ta co : f(x)i(x—l)2 va
gi&]:f'(l):o

Suy ra (1) = 5.7 [L] =S (%j +$(ai-) [HJ

p p

Mat khéc do p =5(mod8) nén [E] =1, (%j =1 . Khi do6 :



i1\ P i-1\ P i-1 T i1\ P i-1 P
p-1 p-1 p-1
3 p—2|—1j 3(2i+1j 2(2u—1]
=1+ =1+ =
-1
2 (i _
Suy ra 2-1 =0.
i1\ P
p-1 p-1
2 1 2 1 —
Do d6 : Y (2i-1) %JEZ[Z'IO 1j:0(mod8)
i=1 i=1

£(1) 2 0= f(x)/(x 1)
Vay néu p=5 (mod8) thi f(x) chia hét cho (x—l)2 nhung khong
chia hét cho (x —1)3.

Nhu vay (1) = -4(mod8) =

V. Bai tap tu luyén
Bai toan 1. Co ton tai hay khong mot tam thirc bac hai f(x) vOi hé

s6 nguyén sao cho v&i moi s6 tw nhién n, tit ca cac wdc nguyén té
cla f(n) déu c6 dang 4k +3.

Bai toan 2. Cho cdp s6 nguyén duong (m,n) théa man:
¢(5" —1) =5"~1. Chiing minh rang gcd(m,n)>1.



Bai toan 3. Cho n,a la cac sd nguyén duong.

Chitng minh réng:(2a+3) +1: 6a < n 1é va a3t

Bai toan 4. Cho day {x} dugc xac dinh boi: x, =7 va
x_, =2x2-1vn>1. Chltng minh rang 2003 khdng chia hét bat ky so
hang nao cuia day trén.

Bai toan 5. Cho day sb {L}OZ duwoc xac dinh nhu sau:
{LO =2,L, =1
L =L _+L,n=01,..
Chirng minh rang v6i n>1 thi L_la s6 chinh phwong khi va chi khi

n=3.

0 , . . X =
duwoc xac dinh bai: { ° , .
n=0 X  =2x -1

n

Bai toan 6. Cho day s6 {x,}

chirng minh rang v&i moi s6 nguyén duong n, néu p 1a mot woc
nguyén t6 Cl]a. Xn th\l p= 1(m0d 2n+2)

. 7 I~ ~ - 4
Bai toan 7. Cho day sb {xn}n:

-2

© , . > . X
duoc xac dinh boi: { *
0 X . =X

n+1

% SN

A

Cho n>3, n Ig ching minh rang x_.: 2" -1« 2" -1 la s6 nguyé
to.
Bai toan 8. Cho a,b la hai s6 nguyén duong nguyén td cing nhau va
{a,}.{b,} la d&y cac s6 nguyén dvong thoéa man:

2n N ~ 2 7 ~ A ~ W -
(a + bx@) =a_+ bn\ﬁ. Tim tat ca cac s6 nguyén td p sao cho ton tai

s6 nguyén dwong n <p théa méan b_ chia hét cho p



Virng vang nén tang, Khai sang twong lai

Virng vang nén tang, Khai sang two'ng lai

Website HOC247 cung cdp mot moi truedng hoc trwee tuyén sinh déng, nhiéu tién ich thong minh,
noi dung bai gidng dwoc bién soan cong phu va giang day bdi nhirng gido vién nhiéu nam Kinh

=A =2 = A = A 7 A A X ~ % ~ . 7 \ = by 7
nghiém, gioi vé Kkién thirc chuyén mon lan ky nang sw pham dén tir cac trwong Pai hoc va cac
treong chuyén danh tiéng.

I. Luyén Thi Online

Hoc moi liic, moi no’i, moi thiét bi - Tiét kiém 90%

- Luyén thi PH, THPT QG: P6i ngii GV Giodi, Kinh nghiém tir cac Trwong PH va THPT danh tiéng xay
dung cac khéa luyén thi THPTQG cic mén: Toan, Ngit Van, Tiéng Anh, Vat Ly, Héa Hoc va Sinh Hoc.

- Luyén thi vao 1ép 10 chuyén Toan: On thi HSG 1ép 9 va luyén thi vao 1ép 10 chuyén Toan cac
trwong PTNK, Chuyén HCM (LHP-TDN-NTH-GD), Chuyén Phan Bgi Chdu Nghé An va cac trueong Chuyén
khéc cung TS.Trdn Nam Diing, TS. Pham Sy Nam, TS. Trinh Thanh Péo va Thdy Nguyén Pirc Tdn.

II. Khoa Hoc Nang Cao va HSG
Hoc Todn Online cuing Chuyén Gia

- Toan Ning Cao THCS: Cung cip chwong trinh Toan Nang Cao, Toan Chuyén danh cho cidc em HS THCS
16p 6, 7, 8, 9 yéu thich mén Toan phat trién tw duy, ndng cao thanh tich hoc tip & truedrng va dat diém tot
& cac ky thi HSG.

- Boi dwérng HSG Toan: Boi dwdng 5 phian mon Pai S0, S6 Hoc, Giai Tich, Hinh Hoc va Té Horp danh cho
hoc sinh cac khoi 16p 10, 11, 12. Poi ngii Gidng Vién giau kinh nghiém: TS. Lé Bd Khdnh Trinh, TS. Trdn
Nam Diing, TS. Pham Sy Nam, TS. Lwu Bd Thdng, Thdy Lé Phiic Lit, Thdy V6 Qudc Bd Cdn cung d6i HLV dat
thanh tich cao HSG Qudc Gia.

III. Kénh hoc tip mién phi

HOC247 NET céng déng hoc tdp mién phi

HOC247 TV kénh Video bai giang mién phi

- HOC247 NET: Website hoc mién phi c4c bai hoc theo chwong trinh SGK tir 1¢p 1 dén 16p 12 tit ca cac
mon hoc v&i ndi dung bai gidng chi tiét, stra bai tap SGK, luyén tip tric nghiém mén phi, kho tw liéu tham
khdo phong phd va cong déng hoi dap s6i dong nhat.

- HOC247 TV: Kénh Youtube cung cip cic Video bai gidng, chuyén de, on tap, sira bai tap, stra dé thi mién
phi tir 16p 1 dén 1ép 12 tit cd cdc mon Toan- Ly - Ho4, Sinh- St - Dia, Ngit Van, Tin Hoc va Tiéng Anh.

W: www.hoc247.net  F: www.facebook.com/hoc247.net  Y: youtube.com/c/hoc247tvc
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